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1.0  SUMMARY  OF  PROGRAM  AND  RESULTS 


The  goal  of  this  research  was  to  identify  and  optimize  the  characteristics  of  the  fiber/matrix 
interfa^'e  that  inhibit  fatigue  crack  initiation  and  growth  in  Ti3Al  matrix  composites.  Our  approach 
was  to  modify  the  interfacial  region  by  including  layers  of  ductile  material,  and  to  determine  the 
role  of  the  ductile  layers  in  changing  interfacial  properties  and  fatigue  response.  The  ductile  layers 
are  expected  to  have  several  important  effects.  One  is  to  prevent  the  formation  of  brittle  reaction 
products,  which  provide  initiation  sites  for  fatigue  cracks  in  the  regions  near  the  interface.  Another 
is  to  modify  interfacial  debonding  and  sliding  characteristics  that  control  the  bridging  of  long 
fatigue  cracks.  Included  in  this  modhfication  is  fatigue  of  the  interface  itself,  leading  to  changes  in 
the  bridging  forces  during  cyclic  loading. 

The  study  involved  correlation  of  observations  and  measurements  of  fatigue  crack  initiation 
and  growth  with  rather  detailed  measurements  of  local  mechanical  properties  of  the  fiber-matrix 
interface  and  residual  stresses.  These  measurements  were  obtained  using  several  unique  techniques 
that  we  developed  recently.  Our  initial  work  focussed  on  the  measurement  of  interfacial  properties 
and  residual  stresses  in  Ti3Al  composites  with  and  without  ductile  Ag/Ta  layers  between  the  fibers 
and  matrix  and  assessment  of  the  fatigue  crack  growth  characteristics  of  these  two  composites.  The 
interfacial  property  and  residual  stress  measurements  are  given  in  Section  3  and  the  fatigue 
experiments  are  summarized  in  Section  4.  Appendix  A  contains  a  detailed  description  of  the  single 
fiber  pulling  technique  used  for  measurement  of  interfacial  properties,  as  well  as  results  from  direct 
measurements  of  degradation  of  interfacial  sliding  resistance  during  cyclic  loading  of  fibers  in  the 
Ti3Al  composite  without  ductile  layers.  The  initi^  development  of  the  fiber  pulling  technique  and 
the  monotonic  loading  experiments  described  in  Appendix  A  were  done  under  other  funding.  The 
micromechanics  analysis  that  is  needed  to  extract  interfacial  properties  from  the  fiber  pulling 
experiments  is  described  in  Appendix  B.  This  analysis  was  also  initiated  under  other  funding  but 
was  extended  as  part  of  this  program,  to  allow  analysis  of  the  results  of  Sections  3  and  4 
(specifically  the  sections  dealing  with  the  onset  of  complete  sliding,  relations  between  single  and 
multiple  fiber  sliding  and  comparisons  of  constant  friction  and  Coulomb  friction  models). 

The  measurements  indicated  that  the  Ag/Ta  layers  had  no  effect  on  residual  stresses  in  the 
composite,  as  expected,  but  that  the  degree  of  bonding  between  the  fibers  and  matrix  was 
increased.  However,  because  the  SCS-6  fibers  contained  weak  carbon  layers  within  their  outer 
coatings,  the  increase  in  fiber-matrix  bonding  had  very  little  influence  on  longitudinal  properties  of 
the  composite.  The  increased  bonding  simply  caused  the  location  of  debonding  to  change  frt)m  the 
outer  surface  of  the  fibers  to  the  weak  subsurface  layers.  (In  the  composite  without  Ag/Ta, 
debonding  occurred  between  the  outer  surface  of  the  fiber  and  the  reaction  products  in  the  matrix. 
The  reaction  products  were  absent  in  the  composite  within  Ag/Ta  layers.)  The  frictional  sliding 
resistance  was  higher  by  about  50  percent  at  these  subsurface  layers,  but  this  did  not  have  a 
significant  influence  on  fatigue  crack  growth. 

A  much  larger  influence  of  the  AgA'a  layers  in  these  composites  was  observed  in  a 
concurrent  research  program,  which  addresses  transverse  properties  of  composites.  In  the 
composite  without  Ag/Ta  layers,  the  reaction  product  layer  (approximately  1-p.m  thickness, 
consisting  of  carbides  and  silicides  of  the  matrix  elements)  provided  initiation  sites  for  transverse 
matrix  cracks,  which  joined  with  the  interfacial  debonds  that  had  already  formed  and  led  to 
premature  failure.  In  the  composite  with  Ag/Ta  layers,  this  reaction  product  layer  was  eliminated 
and  large  increases  in  transverse  strength  and  failure  strain  were  observed  (a  factor  of  2  increase  in 
strength  and  a  factor  of  3  increase  in  failure  strain).  Interfacial  debonding  occurred  in  this 
composite,  but  transverse  matrix  cracks  did  not  foim  prior  to  failure.  The  debonding  (Kcurred  at 
the  subsurface  carbon  layer  within  the  fibers  rather  than  at  the  outer  surface  of  the  fibers,  consistent 
with  the  longitudinal  measurements  described  above.  Therefore,  the  improved  transverse 
propenies  resulted  from  elimination  at  the  crack  initiation  sites  associated  with  the  reaction  layers. 
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These  results  clearly  indicate  that  the  response  of  the  Ag/Ta  containing  composite  is  limited 
by  the  weak  carbon  layers  within  the  coatings  of  the  SCS-6  fibers  and  that  no  further  improvement 
in  properties  of  the  composite  (either  longitudinal  or  transverse)  would  be  expected  from  further 
increases  in  strength  of  the  interface  between  the  matrix  and  outer  srri^ace  of  the  fiber,  or  from 
changes  in  ductility  of  the  interfacial  layers.  Further  property  improvements  would  require  fibers 
without  the  weak  subsurface  layers.  Therefore,  we  decided  to  fabricate  a  composite  containing 
sapphire  fibers,  the  same  TisAl  (super-a2)  matrix,  and  an  interfacial  layer  of  Ta.  The  layer  of  Ag 
was  not  needed  to  protect  the  fibers  in  this  case. 

Fabrication  of  the  Ti3Al/Ta/sapphire  composite  was  done  in  collaboration  with  Dr.  R. 
Everett  at  Naval  Research  Laboratories  (NRL).  The  sapphire  fibers  were  coated  with  Ta  by 
physical  vapor  deposition  (PVD)  at  NRL  and  were  consolidated  with  matrix  foils  at  Rockwell. 
Assessment  of  the  role  of  the  interface  was  done  in  transverse  loading  rather  than  in  longitudinal 
loading,  because  of  the  relatively  larger  effect  observed  above.  The  results  are  given  in  Section  5. 
These  tests  showed  that  the  Ta-sapphire  bond  was  sufficiently  strong  to  prevent  debonding,  either 
directly  under  the  influence  of  the  transverse  load  or  when  the  interface  was  intersected  by  a  crack. 
In  fact,  the  transverse  strengths  of  the  test  specimens  were  limited  by  transverse  fracture  of  the 
fibers;  cracks  initiated  in  the  fibers  (crack  plane  normal  to  applied  stress  and  parallel  to  fiber  axes) 
and  grew  stably  into  the  matrix  at  increasing  load  without  causing  any  interfacial  debonding.  The 
actual  strengths  of  the  test  specimens  were  most  likely  determined  by  damage  introduced  into  the 
fibers  during  specimen  preparation;  much  higher  transverse  strengths  would  seem  possible  in  this 
composite  system. 
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2.0  INTRODUCTION 


The  aim  of  the  initial  part  of  this  program  was  to  obtain  detailed  measurements  of  local 
mechanical  properties  of  fiber  matrix  interfaces  that  were  modified  by  the  presence  of  layers  of 
ductile  material,  and  to  detemiine  the  influence  cf  these  ductile  layers  on  fatigue  crack  growth  in  the 
composite.  Before  beginning  the  detailed  interfacial  studies,  several  composites  were  evaluated  to 
assess  their  suitability  for  the  study.  The  f'omposites  were  sectioned  for  microstructural  evaluation 
and  elemental  mapping  (using  energy  dispersive  spectro.scopy  (EDS)j,  and  mechanical  testing  in 
transverse  tension  (with  in  situ  observation)  to  assess  the  roles  of  ductile  and  brittle  interfacial 
layers  on  fracture.  The  transverse  tension  tests  were  done  as  pan  of  another  program  funded  by 
AFOSR.*Tw'o  of  the  composites  were  composed  of  super-a2  (Ti-25Al-10Nb-3V-lMo)  matrices 
(atomic  %)  and  SCS-6  SiC  fibers,  one  with,  and  the  other  without  layers  of  Ag  and  Ta  between  the 
fibers  and  the  matrix.  Both  were  fabricated  by  Textron;  the  composite  without  Ag/Ta  layers  was 
obtained  from  Rocketdyne  and  was  used  in  several  previous  studies, ^  whereas  the  composite 
containing  Ag/Ta  layers,  which  had  been  deposited  by  PVD  on  the  fibers  before  consolidation, 
was  supplied  by  Nonh  American  Aircraft.  A  similar  composite  from  NAA  containing  a  Ti-24A1- 
1 !  Nb  (at.%)  matrix  with  PVD  Ag/Ta  layers  was  also  evaluated,  along  with  a  composite  fabricated 
at  Rockwell  Science  Center  under  this  program,  using  super-ao  foil  matrix,  Ag/Ta  foil  interface 
layers  and  SCS-6  fibers. 

The  highest  transverse  strengths  were  exhibited  by  the  composite  with  the  super-a2  matrix- 
and  PVD-coated  fibers;  extensive  plasticity  accompanied  fracture  and  no  obvious  crack  initiation 
sites  were  observed  around  the  fibers  prior  to  failure  (Figure  1(a)).  The  microstructure  was 
unifonn,  with  Ag/Ta  layers  about  l-pm  thickness  and  no  reaction  layers  observed  around  the 
fibers.  On  the  other  hand,  the  Ti-24A1-1  INb  matrix  composite  with  Ag-Ta  layers  also  contained  a 
layer  ~  5-  to  10-(im  thickness  of  titanium  carbide  thought  to  be  the  result  of  contamination  of  the 
surfaces  of  the  ai  foils  during  fabrication  of  the  composite  (the  layer  also  exte.ided  between  the 
fibers  within  each  row).  The  transverse  strength  of  this  composite  was  much  lower  because  of 
these  layers;  failure  initiated  from  extensive  transverse  microcracking  that  formed  in  the  brittle 
layers  well  before  the  ultimate  failure  (Figure  1(b)).  These  microcracks  would  also  be  expected  to 
be  a  source  of  fatigue  cracks. 

Initially  a  difficulty  was  encountered  in  the  fabrication  of  the  Ag/Ta  foil  composite,  which 
had  not  been  previously  attempted  using  super-a2  matrix  foils  (previous  fabrication  used  powdered 
matrix).  During  processing,  the  Ta  foil  ruptured  along  lines  between  the  fibers  allowing  the  Ag  to 
escape.  Much  of  the  Ag  collected  near  the  surface  of  the  composite,  forming  a  Ag-Ta  or  Ag-Ti 
intemietallic  which  led  to  early  failure  in  transverse  loading.  There  was  also  reaction  with  the  fibers 
at  these  rupture  locations.  These  initial  tests  again  pointed  to  the  detrimental  role  of  brittle  reaction 
products  in  providing  crack  initiation  sites  for  premature  failure  in  transverse  loading.  The  problem 
was  overcome  by  modifying  the  temperature-pressure  cycle  during  fabrication  and  specimens  were 
prepared  for  testing. 

The  super-a2  composite  without  Ag/Ta  layers  had  a  layer  of  reaction  products  of  ~  1  -p.m 
thickness  (carbides  and  silicides  of  the  matrix  elements)  between  the  fibers  and  matrix. 
Microcracking  occurred  in  the  regions  around  the  fibers  prior  to  failure  (Figure  1(c)).  The 
occurrence  of  cracking  was  dependent  on  the  spacing  of  neighboring  fibers  and,  as  expected,  was 
most  frequent  at  small  spacings.  Interestingly,  the  most  common  microcrack  orientation  was 
parallel  to  the  applied  tension.  A  simple  elastic  analysis  of  the  stresses  around  an  isolated  fiber 
indicates  that  this  is  indeed  the  location  of  maximum  circumferential  tensile  stress  at  the  fiber- 
matrix  interface  in  a  composite  with  elastic  properties  corresponding  to  SiC/Ti3Al  and  in  which 
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circumferential  sliding  does  not  occur.  The  same  conclusion  is  obtained  from  an  elastic  analysis 
that  accounts  for  overlapping  stress  fields  of  neighboring  fibers.  However,  the  variation  in  the 
circumferential  stress  around  the  fiber  is  not  large,  and  the  location  of  cracking  may  in  general  be 
dominated  by  other  factors  such  as  the  onset  of  ductility  in  the  matrix,  the  presence  of 
microstructural  variations  in  the  regions  surrounding  the  fibers  (e.g.,  ^-depleted  regions,  foil 
contamination),  and  the  onset  of  interfacial  debonding  and  circumferential  sliding.  The  occurrence 
of  debonding  and  circumferential  sliding  would  tend  to  promote  transverse  cracking  (i.e.,  enhance 
the  circumferential  tension  at  the  location  90°  to  the  applied  load  direction)  whereas  the  fiber  layup 
would  tend  to  promote  cracking  parallel  to  the  applied  load  (fiber  spacings  were  generally  smdler 
within  the  rows  of  fibers  than  between  them). 

The  two  super-a2  matrix  composites  were  thus  chosen  for  more  detailed  initial  study.  Since 
the  only  nominal  difference  between  these  two  composites  is  the  presence  of  the  Ag/Ta  layers  in 
one,  the  distinct  difference  in  microcracking  behavior  can  be  correlated  directly  with  the  influence 
of  the  layers. 

The  results  of  measurements  of  interfacial  properties,  residual  stresses  and  fatigue  crack 
growth  rates  in  these  two  composites  were  given  in  Sections  3  and  4  and  Appendices  A  and  B. 
The  results  indicated  that  the  projaerties  of  the  Ag-Ta  containing  composite  were  limited  by  the 
weak  subsurface  carbon  layers  of  the  SCS-6  fibers  and  that  no  further  improvement  in  properties 
of  the  composite  would  be  expected  from  further  increases  in  strength  of  the  interface  between  the 
matrix  and  the  outer  surface  of  the  fiber.  To  test  a  system  that  did  not  possess  this  limiting  weak 
layer,  a  composite  containing  sapphire  fibers,  Ti3Al  (super-a2)  matrix,  and  an  interfacial  layer  of 
Ta  was  fabricated.  Results  of  transverse  property  measurements  on  this  composite  are  given  in 
Section  5. 
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3.0  THE  INFLUENCE  OF  Ag/Ta  LAYERS  ON  RESIDUAL  STRESSES  AND 
INTERFACIAL  PROPERTIES  OF  TisAI/SCS-e  COMPOSITES 


3.1  Materials 

Residual  stresses  and  interfacial  properties  have  been  nieasured  in  the  two  super-a2  matrix 
composites  described  in  the  previous  section  (see  also  Figure  1),  one  fabricated  with  layers  of  Ag 
and  Ta  of  ~  l-|J.m  thickness  and  the  other  with  bare  fibers.  Both  were  in  the  form  of  sheets.  The 
composite  without  Ag/Ta  layers  was  ~  0.7  mm  thick  and  contained  ~  36  volume  percent  of 
uniaxially  aligned  fibers  in  three  rows.  The  composite  with  the  Ag/Ta  layers  contained  four  rows 
of  uniaxially  aligned  fibers,  with  a  volume  fraction  of  28  percent  and  sheet  thickness  0.9  mm. 
Some  reaction  between  the  matrix  and  the  outer  layers  of  the  fibers  occurred  during  consolidation 
of  the  composite  with  bare  fibers,  forming  a  layer  of  fine-grained  silicides  and  carbides  ~  2  pm 
thick  around  each  fiber.'^  Reaction  was  not  observed  in  the  composite  containing  AgfTa  layers. 

The  composite  properties  used  for  the  analysis  of  results  in  the  following  sections  are  listed 
in  Table  1.  The  elastic  modulus  of  the  matrix  in  the  composite  with  bare  fibers  was  measured 
previously. 2  The  same  value  was  assumed  for  the  other  composite,  although  this  assumption  may 
be  questionable  because  different  texturing  was  ob.scrved  in  the  matrices  of  the  two  composites 
(see  below). 


Table  1 

Properties  of  Super-a2/SCS-6  Composites 


Bare  Fibers 

Young's  modulus  of  matrix 

S(5(jPa 

80  GPa 

Young’s  modulus  of  fiber 

414  GPa 

414  GPa 

Poisson's  ratio  of  fiber 

0.3 

0.3 

Poisson's  ratio  of  matrix 

0.3 

0.3 

Volume  fraction  of  fibers 

0.36 

0.28 

Fiber  radius 

70  pm 

70  pm 

3.2  Residual  Stresses 

The  two  techniques  used  to  measure  residual  stresses  were  x-ray  diffraction  and  selective 
etching  of  the  matrix.  The  x-ray  measurements  of  the  composite  without  Ag/Ta  layers  were  done 
previously,  yielding  a  residual  tensile  axial  stress  in  the  matrix  of  450  ±  50  MPa.  However,  in  the 
composite  containing  the  super-a2  matrix  and  PVD  layers  of  Ag-Ta,  the  matrix  exhibited  very 
strong  texturing  of  both  the  a2  and  p  phases,  which  prevented  measurement  of  residual  stresses. 
Mild  texturing  of  the  02  phase  was  iso  observed  in  the  composite  with  the  Ti-24A1-1  INb  matrix 
with  PVD  Ag/Ta  layers.  However,  in  this  case  reasonable  stress  measurements  were  obtained 
using  the  (403)  reflection  with  Co  radiation;  the  longitudinal  stress  in  the  matrix  was 
»  420  ±  70  MPa,  similar  to  the  stress  in  the  uncoated  super-a2  matrix. 

The  axial  stresses  in  the  fibers  were  found  by  measuring  the  relaxation  of  the  fibers  when 
the  matrix  was  removed.  This  was  done  by  masking  the  ends  of  a  rectangular  beam  and  etching 
away  all  of  the  matrix  within  a  long  midsection  (50-mm  length)  to  leave  the  two  ends  joined  by 
bare  fibers. 2  The  change  in  length  caused  by  relaxation  of  residual  stress  in  the  fibers  was 
measured  by  taking  optical  micrographs  of  both  ends  against  a  fixed  reference  gage  before  and 
after  the  matrix  was  removed.  The  residual  compressive  strains  thus  measured  were 
(1.56  ±  0.02)  X  10‘3  for  the  super-a2  composite  without  Ag/Ta  layers  and 
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(2.03  ±  0.030  X  10*3  for  the  super-a2  composite  with  Ag/Ta  layers.  The  corresponding  axial 
fiber  stresses  calculated  using  a  concentric  cylinder  analysis^  (Appendix  A)  with  the  properties 
listed  in  Table  1  were  800  ±  20  MPa  and  1020  ±  30  MPa.  TTie  higher  stress  in  the  composite 
with  AgH'a  layers  is  a  direct  result  of  the  lower  volume  fraction  of  fibers;  calculation  of  the  elastic 
misfit  strain  yielded  6.1 1  x  10'3  in  both  cases.  Therefore,  as  exjjected,  these  results  indicate  that 
the  presence  of  the  Ag/Ta  layers  has  an  insignificant  effect  on  the  longitudinal  residual  stress.  The 
residual  stress  in  the  composite  with  bare  fibers  is  also  consistent  with  the  above-mentioned  x-ray 
measurement  of  longitudinal  tensile  stress  in  the  matrix;  with  the  measured  volume  fraction  of 
fibers  (f  =  0.36)  these  two  values  satisfy  the  condition  for  force  balance  on  a  cross  section  of  the 
composite. 

3.3  interfacial  Properties 

Results.  Interfacial  debonding  and  sliding  of  individual  fibers  were  measured  in  the  two 
composites  using  the  single  fiber  pulling  test  described  in  detail  in  Section  5.  The  results  from  the 
composite  with  bare  fibers  are  presented  and  analyzed  in  detail  in  Section  5.  In  this  section  the 
results  from  the  composite  with  Ag/Ta  layers  are  presented  and  compared  with  those  from 
Appendix  A. 

Measurements  of  force  and  relative  sliding  displacement  for  the  pullout  of  two  fibers  with 
different  embedded  lengths  (O.o6mm  and  1.4  mm)  are  shown  in  Figure  2.  In  both  tests  the 
initial  loading  phase  was  interrupted  once  before  reaching  the  peak  load,  to  allow  an  unload/reload 
cycle.  The  partial  recovery  during  unloading  and  hystere.sis  during  reloading  are  indicative  of 
frictional  sliding  between  the  fibers  and  matrix. 

The  peak  load  for  the  fiber  with  the  larger  embedded  length  was  determined  by  the  failure 
of  the  fiber  outside  the  matrix,  within  the  central,  etched  region.  Consequently,  there  were  no  data 
for  complete  sliding  of  the  embedded  length  of  fiber  in  this  case.  The  failure  load  corresponds  to  a 
peak  stress  in  the  fiber  of  3.2  GPa,  which  falls  within  the  range  of  strengths  typically  measured  for 
this  type  of  fiber  before  consolidation  into  the  composite. 

The  peak  load  for  the  fiber  with  the  shorter  embedded  length  occurred  after  the  entire 
embedded  section  had  begun  sliding.  The  onset  of  complete  sliding  was  not  accompanied  by  a 
sudden  load  drop  as  it  was  for  the  composite  with  bare  fibers  (Figure  4  of  Appendix  A);  instead, 
after  an  audible  acoustic  emission,  the  load  continued  to  increase  continuously  (albeit  at  a  slower 
rate)  for  the  first  10  pm  of  complete  sliding  then  decreased  continuously  for  the  next  5  pm  of 
sliding.  The  fiber  then  broke  at  a  position  approximately  halfway  along  the  embedded  length 
{345  pm  from  the  surface  of  the  matrix),  whereupon  the  load  dropped  and  the  displacement 
increased  discontinuously.  An  increased  load  was  then  needed  to  initiate  continued  pullout,  which 
subsequently  proceeded  under  decreasing  load  as  the  embedded  length  decreased. 

Examination  by  scanning  electron  microscopy  (SEM)  and  energy  dispersive  x-ray  analysis 
of  both  the  fiber  after  it  was  pulled  completely  out  of  the  matrix  and  the  remaining  hole  indicated 
that  separation  and  sliding  occurred  between  the  two  layers  of  the  SCS-6  coating  on  the  fiber, 
where  turbostratic  carbon  is  known  to  provide  a  weak  layer^  (Figure  3).  The  layers  that  remained 
attached  to  the  fiber  and  matrix  were  not  cracked  or  otherwise  damaged  when  viewed  at  low 
magnification  (Figure  3(a)  to  (c)).  However,  grooves  caused  by  sliding  were  evident  in  some  areas 
at  higher  magnification  (Figure  3(d)). 

Analysis.  The  data  from  the  initial  loading  regions  of  Figure  2,  corresponding  to  partial 
sliding,  were  compared  with  the  micromechanics  analysis  of  Section  5  to  deduce  the  parameters 
that  characterize  the  interfacial  properties.  Two  sliding  models  were  considered;  one  based  on  the 
sliding  being  governed  by  a  Coulomb  friction  law  with  friction  coefficient  p  (Eq.  (1)  of 
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Figure  2  Force  and  displacement  measurements  from  fiber  pulling  experiments  on  super-a2/SiC 
composite  with  Ag^a  interfacial  layers:  (a)  embedded  length  of  fiber  660  pm,  (b)  initial  loading 
data  from  (a)  with  expanded  displacement  scale,  (c)  embedded  length  of  fiter  1.4  mm. 
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Figure  2  (Continued) 

Appendix  A)  and  the  other  with  the  sliding  being  resisted  by  constant  frictional  stress,  to  (Eq.  (2) 
of  Appendix  A).  The  curve  fitting  procedure  used  to  deduce  the  parameters  differed  slightly  from 
that  used  for  the  data  in  Appendix  A.  In  that  analysis  all  of  the  parameters  (to  or  debond 
energy,  and  residual  stress)  were  determined  directly  by  curve  fitting;  whereas  for  the  ^ta  of 
Figure  2  the  residual  stress  was  set  equal  to  the  viue  measured  in  the  etching  experiments 
described  in  the  previous  section,  and  the  debond  energy  and  either  t  or  p.  were  determined  from  a 
curve  fit  of  the  above-mentioned  equations  to  the  initial  loading  data.  Then  predicted  curves  for  the 
unload/reload  cycle  were  generated  using  the  calibrated  parameters  and  Eqs.  (3)  to  (6)  of 
Appendix  A. 

The  results  of  the  analysis  are  shown  in  Figure  4.  For  the  fiber  with  the  smaller  embedded 
length,  both  models  gave  equally  good  fits  to  the  initial  loading  data  using  the  parameters  listed  in 
Table  2.  This  comparison  was  restricted  to  data  at  displacements  <  3  p.m,  based  on  the 
assumption  that  the  rapid  decrease  in  slope  at  larger  displacements  after  the  acoustic  emission  (see 
Figure  2(b))  indicates  the  onset  of  complete  sliding.  The  validity  of  this  assumption  was 
confirmed  by  calculating  the  length  of  fiber  over  which  slip  occurred  at  the  largest  displacement  in 
Figure  4;  for  both  models  the  calculated  sliding  distance  was  630  p-m,  almost  equal  to  the 
embedded  length  of  660  pm.  For  the  fiber  with  a  longer  embedded  section,  all  of  the  data  were 
used  for  curve  fitting,  since  there  was  no  evidence  of  complete  sliding  before  the  fiber  broke.  In 
this  case  a  significantly  better  fit  to  the  data  was  found  for  the  constant  friction  model  than  for  the 
Coulomb  friction  law,  although  the  range  of  parameters  deduced  from  both  models  is  consistent; 
the  value  of  t©  from  the  constant  friction  model  falls  about  midway  between  the  maximum  and 
minimum  frictional  stresses  (tmax  ^^id  Xpiin)  calculated  from  the  Coulomb  friction  model  at  either 
end  of  the  slip  region.  Moreover,  as  expected,  the  maximum  sliding  distances  calculated  from  the 
two  models  are  almost  the  same  (1060  and  1017  pm)  and  smaller  than  the  embedded  length. 

The  predicted  unload/reload  curves  in  Figure  4  agree  reasonably  well  with  the  data  in  all 
cases.  The  relative  recovery  during  unloading,  and  hence  the  difference  between  the  predictions  of 
the  two  models  for  a  given  data  set,  are  smaller  than  for  the  experiments  reported  in  Appendix  A 
(i.e.,  the  composite  with  bare  fibers),  because  the  load  at  which  the  unload  cycle  began  was 
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l  iuurc  3  Scanning  electron  micrographs  of  specimen  used  for  data  of  Figures  2ta)  and  (hi  alter 
t  ilx'i  was  pulled  entirely  out  of  matrix.  Very  bright  regions  on  fibers  are  remnants  ot  the  Ag/1  a 
la\  ers  not  removed  by  etching. 
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Figure  4  Comparisons  of  data  from  initial  loading  regions  of  Figures  2(b)  and  (c)  with 
micromechanical  models  based  on  Coulomb  friction  and  perfectly  smooth  fibers  (“constant  p”) 
and  a  constant  frictional  stress  (“constant  t”),  using  the  following  paramet^^rs;  elastic  constant 
A  =  1.1  S8  calculated  according  to  equations  in  Appendix  A  with  elastic  properties  in  Table  1; 
residual  stress  parameter  Sro  =  2  for  (a)  and  (b),  Srq  =  3.66  for  (c)  and  (d),  calculated  from 
equations  of  Appendix  A  with  the  measured  residual  axial  stresses  in  fibers;  and  friction 
coefficients  or  frictional  stresses  listed  in  Table  2,  obtained  by  best  fit  to  the  initial  loading  data. 
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Figure  4  (Continued) 
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smaller  (the  relative  recovery  increases  with  increasing  peak  load  of  the  unload/reload  cycle 
(Appendix  B)). 


The  curve  fits  for  both  models  gave  the  debond  parameter  F  =  0.  With  Eq.  (7)  of 
Appendix  A  and  the  parameters  of  Tables  1  and  2,  this  provides  an  upper  bound  for  the  intrinsic 
debond  energy  of  the  interface  of  ~  40  J/m^.  We  are  limited  to  an  upper  bound  estimate  here 
because  any  ^ebond  energy  between  zero  and  this  upper  bound  would  lead  to  an  identical  force- 
displacement  reladon  (Appendix  B). 

Over  the  range  of  displacements  in  Figure  2  (b)  for  which  the  force  decreases  during 
pullout  of  the  fiber,  the  force-displacement  relation  exhibits  a  curvature  similar  to  that  of  the  data 
from  the  composite  with  bare  fibers  in  Appendix  A.  The  curvature  is  opposite  to  the  response 
expected  for  sliding  dictated  by  Coulomb  friction  (with  smooth  fibers),  for  which  the  rate  of 
decrease  of  the  force  would  increase  as  the  fiber  is  pulled  out.  The  average  sliding  resistance  <t> 
obtained  by  dividing  the  applied  force  by  the  surface  area  of  fiber  remaining  embedded  in  the 
matrix  is  plotted  in  Figure  5;  <x>  decreased  from  an  initial  value  of  103  MPa  to  ~  30  MPa  after 
200  pm  of  fiber  was  pulled  out.  Similar  data  from  several  pullout  tests  in  the  composite  with  bare 
fibers  are  also  plotted  in  Figure  5.  In  all  cases  <t>  decreased  as  the  fibers  pulled  out,  although  the 
decrease  was  smaller  in  the  composite  with  bare  fibers. 


Table  2 

Interfacial  Parameters  Determined  from  Curve  Fit 
to  Initial  Load  Data 


Embedded  Length 

1 .4  mm* 

660p 

Cotiioreb  Modti 

P 

0.56 

0.44 

"tmax  (MPa) 

145 

114 

Tmin  (MPa) 

72 

83 

JE 

1060 

630 

Constant  Friftign  Mpd?! 

to  (MPa) 

110 

98 

Imax  (lint) 

1017 

630 

*A  significantly  better  fit  to  the  initial  loading  data  was  obtained  from  the  constant  friction  model 
than  from  the  Coulomb  model. 
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Figure  S  Average  frictional  stress  during  fiber  pullout. 


3.4  Discussion 

Several  differences  in  interfacial  sliding  behavior  were  observed  in  the  super-a2  matrix 
composites  with  and  without  A^a  layers  between  the  fibers  and  matrix.  In  the  composite  with 
bare  fibers,  the  surface  of  separation  and  sliding  was  between  the  outer  coating  of  the  SCS-6  fibers 
and  the  layer  of  reaction  products,  the  intrinsic  debond  energy  was  <  26  J/m^,  and  the  frictional 
sliding  over  the  debonded  surface  clearly  exhibited  a  response  characteristic  of  a  constant  frictional 
stress  (to  =  66  MPa)  rather  than  a  Coulomb  friction  law.  The  role  of  asjjerities  on  the  surface  of 
the  fiber  as  a  likely  source  of  this  response  is  discussed  in  Appendix  A. 

In  the  composite  with  the  Ag/Ta  layers,  the  surface  of  separation  was  between  the  coating 
layers  that  form  the  outer  part  of  the  SCS-6  fiber.  Evidently  the  Ag/Ta  either  formed  a  stronger 
bond  or  had  a  larger  frictional  resistance  with  the  fiber  than  did  the  reaction  product  layer  in  the 
other  composite.  TTie  upper  bound  estimates  for  the  debond  energies  are  similar  for  the  two 
composites.  The  frictional  stress  t©  was  higher  (=  100  MPa)  between  the  coating  layers  of  the 
fibers  in  the  composite  containing  Ag/Ta  than  between  the  outer  surface  of  the  fiber  and  the 
reaction  products  of  the  other  composite,  as  it  must  be  for  the  sliding  to  have  taken  place  at  the 
reaction/product  interface.  The  frictional  sliding  data  for  the  composite  with  Ag/Ta  layers  followed 
the  predictions  of  a  constant  frictitMi  model  slightly  better  than  those  of  a  Coulomb  fnction  model, 
although  the  ^stinction  was  not  as  great  as  it  was  for  the  other  composite. 

The  residual  axial  stress  in  the  fibers  is  larger  in  the  composite  with  Ag/Ta  layers 
(1020  MPa  c.f.  800  MPa).  However,  that  difference  can  be  attributed  entirely  to  the  different 
volume  fraction  of  fibers  in  the  two  composites.  The  residual  stress  normal  to  the  interface  was  not 
measured.  If  we  assume  that  the  misfit  strains  between  the  fibers  and  matrices  are  isotropic,  the 
lower  volume  fraction  of  fibers  in  the  composite  with  Ag/Ta  layers  would  result  also  in  a  higher 
residual  stress  normal  to  the  interface  (300  MPa  c.f.  260  MPa).  However,  this  increase  in 
residual  normal  stress  is  not  sufficient  to  account  for  the  observed  larger  sliding  resistance  in  the 
composite  with  Ag^a  layers  (i.e.,  thrae  is  an  increase  in  friction  coefficient  as  well). 
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The  presence  of  Ag-Ta  layers  has  the  potential  of  rediK:ing  the  residual  stress  normal  to  the 
interface,  in  which  case  the  elastic  misfit  strain  defined  in  Appendix  B  would  be  anisotropic.  The 
analysis  of  the  fiber  pullout  data  in  terms  of  the  Coulomb  friction  model  assum^  that  the  misfit 
strain  was  isotropic;  similar  analysis  using  an  anisotropic  misfit  strain,  which  accounts  for 
relaxation  of  residual  normal  stress  by  plastic  flow,  gives  predictions  that  deviate  further  from  the 
experimental  data. 
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4.0  FATIGUE  CRACK  GROWTH  IN  Ti3Al/SCS-6  COMPOSITES  WITH  AND 
WITHOUT  Ag/Ta  INTERFACIAL  LAYERS 

Fatigue  crack  growth  rates  and  crack  opening  profiles  have  been  nneasured  in  air  and 
vacuum  in  the  two  composites  described  in  Section  3.1.  Both  composites  contained  super-a2 
matrices  and  SCS-6  fibers,  one  being  fabricated  with  uncoated  fibers  and  the  other  with  PVD 
Ag/Ta  layers  (~  1  p.m  thickness)  on  the  fibers. 

4.1  Experiments 

Notched  beams  fabricated  from  both  composites  with  the  fibers  in  the  longitudinal  direction 
were  loaded  in  bending  on  the  stage  of  an  SEM.  This  mode  of  loading  was  chosen  to  allow  high 
resolution  in  situ  imaging,  from  which  accurate  measurements  of  crack  of>ening  displacements 
could  be  obtained  using  stereoscopy.^  Experiments  were  done  in  both  air  and  vacuum  (the  vacuum 
being  provided  by  the  SEM).  The  experiments  in  air  were  done  using  the  same  loading  stage,  but 
removed  from  the  microscope,  with  interruptions  at  various  stages  to  ^low  imaging  in  the  SEM. 

The  load  was  cycled  between  zero  and  a  constant  maximum  load  at  a  frequency  of 
~  2  cycles/min.  Although  the  applied  loads  and  crack  lengths  were  monitored,  the  results  were  not 
interpreted  in  terms  of  applied  stress  intensity  factors  because  crack  growth  was  not  always 
coplanar;  in  this  case  accurate  calibration  of  stress  intensity  factors  would  require  finite  element 
calculations.  The  maximum  applied  stres.ses  were  cho.sen  as  follows.  First  the  experiments  on  the 
composite  containing  Ag/Ta  layers  were  done  using  the  same  stress  in  both  air  and  vacuum,  the 
stress  being  chosen  to  give  crack  growth  rates  in  the  range  0.1  to  50  pm/cycle.  Then  for  the 
composite  with  uncoated  fibers,  the  peak  loads  in  air  and  vacuum  were  chosen  to  give  the  same 
crack  growth  rates  as  in  the  corresponding  experiments  in  the  composite  that  contained  Ag^Ta.  This 
load  was  -  25  percent  lower  in  air  and  5  percent  higher  in  vacuum. 

4.2  Results 

4.2.1  Crack  Growth  Rates 

In  the  composite  containing  Ag/Ta  layers,  a  single  fatigue  crack  initiated  from  the  base  of 
each  notch  and  grew  stably  in  a  coplanar  manner  (i.e.,  normal  to  the  applied  tensile  stress).  The 
initial  growth  rate  in  air  was  higher,  by  a  factor  of  about  10,  than  in  vacuum  (Figure  6).  However, 
in  both  environments  the  growth  rate  decreased  rapidly  as  the  cracks  extended,  even  though  the 
peak  applied  stress  intensity  factor  increased  (increa.sing  crack  length  at  constant  stress  amplitude). 
Such  decreasing  growth  rates  are  characteristic  of  cracks  that  arc  affected  by  bridging  forces  due  to 
reinforcing  fibers.  As  the  crack  grows  the  bridging  zone  length  increases,  leading  to  an  increase  in 
the  bridging  stress  intensity  factor,  which  acts  to  reduce  the  crack  opening  and  thus  decrease  the 
net  crack  tip  stress  intensity  factor.  Since  the  crack  growth  rate  is  dictated  by  events  at  the  crack  tip, 
a  decrease  in  the  crack  tip  stress  intensity  factor  leads  to  a  reduction  of  crack  growth  rate. 

In  the  composite  with  uncoated  fibers,  the  crack  always  initiated  in  a  coplanar  manner  from 
the  notch  root,  but  after  growing  for  about  20  pm  the  crack  deflected  to  a  plane  oriented  at  ~  45° 
from  the  applied  loading  direction.  In  this  case  the  crack  lengths  and  crack  opening  displacements 
are  reported  as  projected  values  parallel  and  perpendicular  to  the  original  crack  plane.  The  crack 
growth  rates  in  both  air  and  vacuum  decreased  as  the  cracks  extended,  as  in  the  composite 
containing  Ag/Ta. 
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N  (cycles) 

Figure  6  Comparison  of  crack  growth  under  cyclic  loading  in  super-a2/SCS-6  composites  with 
and  without  A^a  layers  between  matrix  and  fibers. 


4.2.2  Crack  Opening  Displacements 

Measurements  of  crack  opening  displacements  as  a  function  of  position  within  the  cracks 
were  obtained  from  SEM  micrographs  such  as  Figure  7.  The  displacements  were  obtained  by 
comparison  of  micrographs  taken  before  and  after  passage  of  the  crack,  with  stereoscopy  used  to 
measure  relative  displacements  of  image  features  either  side  of  the  crack.  With  this  technique 
displacement  sensitivity  of  ~  0.1  ^m  was  readily  attained  from  relatively  low  magnification 
micrographs  such  as  those  of  Figure  7.  Typical  measurements  of  crack  opening  displacements  at 
maximum  load,  Uniax.  minimum  load,  Umin,  and  the  difference,  Ucyclic.  are  shown  in  Figure  8. 

A  large  difference  was  observed  in  the  residual  crack  opening  displacements  after 
unloading  in  air  and  vacuum.  For  both  composites,  the  crack  opening  after  unloading,  Umin.  in 
vacuum,  was  small  (umin/umax  ^0.1);  whereas  in  air  Umin  was  substantially  larger  (umin/umax 
~  0.3).  This  difference  is  evident  in  the  data  of  Figure  8  as  well  as  in  the  micrographs  of 
Figure  7,  where,  for  the  vacuum  tests  the  unloaded  crack  is  not  easily  discernible. 

In  both  air  and  vacuum  environments,  the  crack  opening  displacements  (both  Umax  and 
Ucyclic)  at  positions  more  than  ~  200  p,m  from  the  crack  tip  are  smaller  in  the  composite  with 
Ag/Ta  layers  than  in  the  one  without.  The  difference  is  clearer  in  the  air  environment  Moreover,  in 
this  case  the  applied  stress  is  20  percent  higher  on  the  composite  with  the  Ag/Ta  layers.  These  two 
results  suggest  that  the  bridging  effect  of  the  fibers  is  larger  in  the  composite  with  the  Ag/Ta  layers 
than  in  the  composite  without.  However,  the  difference  is  not  large. 

The  cyclic  displacements  for  cracks  of  length  ~  600  jim  in  all  four  combinations  of 
environment  and  composite  type  are  plotted  together  in  Figure  9.  Notwithstanding  the  small 
differences  noted  above,  all  of  the  crack  profiles  appear  remarkably  similar,  especially  close  to  the 
crack  tip.  Therefore,  the  crack  tip  stress  intensity  factors  Kpp  are  similar  in  all  cases.  However,  the 
growth  rates  for  these  cracks  in  air  are  larger  by  a  factor  of  ~  100  than  those  of  the  cracks  in 
vacuum.  These  results  indicate  that  the  environmental  effect  that  causes  this  difference  in  growth 
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rate  musi  act  by  modifying  the  crack  tip  growth  law  (i.e.,  the  relation  between  da/ JN  and  AKup  in 
the  matrix)  rather  than  by  degrading  the  bridging  tractions. 
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Figure  7  Scanning  electron  micrographs  showing  fatigue  cracks  at  maximum  and  minimum  (zero) 
load. 
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The  crack  opening  displacements  near  the  tip  of  the  crack  in  the  Ag/Ta-containing 
composite  arc  shown  in  Figure  10(a)  at  various  stages  of  growth.  A  steady  decrcase  in  tip  opening 
is  evident  as  the  number  of  cycles  increases,  corresponding  to  decreasing  crack  growth  rate.  The 
crack  growth  rates  are  plotted  as  a  function  of  the  crack  opening  at  a  nominal  fixed  distan<'e  from 
the  tip  (35  pm)  in  Figure  10(b).  Since  these  crack  opening  displacements  scale  with  the  crack  tip 
stress  intensity  factor  AKijp,  the  plot  of  Figure  10  (b)  represents  the  relative  variation  of  growth 
rate  with  AKup. 


(a) 


(b) 


Figure  8  Crack  opening  displacements  at  maximum  load  (umax).  minimum  (zero)  load  (umin)  and 
the  difference  (ucyc  =  Umax'^min).  for  fatigue  cracks  of  approximately  the  same  length  in  both 
composites,  (a)  and  (b)  air  environment;  (c)  and  (d)  vacuum  environment.  N  is  the  number  of  load 
cycles  applied  to  the  crack. 
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Figure  8  (Continued) 
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Figure  9  Comparison  of  cyclic  crack  opening  displacements  for  cracks  of  approximately  the  same 
length  in  both  composites,  in  air  and  vacuum. 


DISTANCE  FROM  CRACK  TIP  (pm) 

Figure  10  (a)  Comparison  of  crack  opening  displacements  (cyclic)  near  the  tip  of  a  fatigue  crack  at 
various  stages  of  growth  in  air  in  the  composite  with  Ag/Ta  interfacial  layers,  (b)  Variation  of 
crack  growth  rate  with  crack  qpening. 
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CRACK  OPENING,  Ucyc  (^m) 

Figure  10  (Continued) 

4.3  Discussion  and  Conciusions 

Fatigue  crack  growth  rates  in  a  given  environment  (air  or  vacuum)  are  very  similar  in  the 
two  composites  (super-o2/SCS-6  with  and  without  Ag^a  interfacial  layers),  although  the 
experiments  in  air  suggest  that  crack  bridging  by  the  fibers  is  slightly  more  effective  in  retarding 
crack  growth  in  the  composite  with  the  Ag/Ta  layers  than  in  the  composite  without  Ag/Ta 
(20  percent  higher  load  was  needed  to  obtain  equivalent  growth  rates).  The  results  are  consistent 
with  the  interfacial  property  measurements  described  in  Section  3,  which  indicated  that  the  fiber 
pullout  responses  were  similar  in  the  two  composites.  In  the  single  fiber  pullout  experiments, 
debonding  occurred  between  the  fibers  and  reaction  products,  with  a  frictional  sliding  resistance  (x) 
of  ~  65  MPa,  in  the  composite  without  AgA'a  layers;  whereas  in  the  composite  with  Ag/Ta  layers 
debonding  and  sliding  occurred  between  the  SCS-6  layers  and  the  fiber,  with  higher  sliding 
resistance  (x  «  100  MPa).  Thus,  while  the  Ag/Ta  layers  improved  the  bonding  (or  the  sliding 
resistance)  between  the  fibers  and  matrix,  this  only  removed  the  weakest  of  several  relatively  weak 
interfacial  debonding  sites.  This  results  in  slightly  higher  bridging  forces  but  does  not  have  a 
dramatic  effect  on  growth  rates. 

A  much  larger  difference  was  observed  between  crack  growth  rates  in  air  and  vacuum.  The 
growth  rates  in  both  composites  were  larger  in  air  than  in  vacuum,  by  a  factor  of  10  for  initial  crack 
growth  at  given  load,  and  by  a  factor  of  100  at  given  crack  tip  opening  displacement  after  the 
cracks  had  grown  for  ~  600  pm.  Crack  opening  measurements  indicated  Aat  the  enhanced  growth 
rates  in  air  resulted  from  an  increase  in  the  intrinsic  growth  rate  in  the  matrix  at  the  crack  tip  (i.e., 
increased  da/dN  at  given  AKpp),  rather  than  from  degradation  of  the  bridging  effect  of  the  filers. 
Nevertheless,  the  air  environment  clearly  caused  an  increase  in  the  crack  opening  displacements  at 
minimum  lo;^.  However,  this  effect  would  tend  to  reduce  AKpp  and  thus  lower  growth  rates.  The 
results  are  consistent  with  the  enhanced  growth  rates  observed  in  our  other  studies  of  Ti3Al/SCS-6 
composites.*^  They  are  also  consistent  with  other  studies  of  fatigue  crack  growth  in  monolithic  Ti 
alloys  (Ti-6A1-4V)8.9  which  show  almost  an  order  of  magnitude  increase  in  growth  rate  in  air 
compared  with  vacuum  at  given  stress  intensity  factor  range.  However,  the  range  of  growth  rates 
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in  the  present  study  lies  at  larger  values  (lO""^  to  10*^  m/cycle)  than  in  the  monolithic  material 
studies  (lO**®  to  10^  m/cycle). 

A  consistent  difference  was  observed  in  the  crack  geometry  resulting  from  cyclic  tensile 
loading  parallel  to  the  fibers  in  the  two  composites.  In  both  air  and  vacuum  the  cracks  in  the 
composite  with  Ag/Ta  layers  grew  normal  to  the  fibers,  whereas  in  the  composite  without  Ag/Ta 
layers  the  cracks  grew  at  an  angle  of  ~  45“  to  the  fibers.  The  reason  for  this  difference  is  not 
known. 
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5.0  INTERFACIAL  PROPERTIES  OF  A  SAPPHIRE/Ta/TlaAl 

COMPOSITE 


5.1  Materials  Fabrication 

To  allow  investigation  of  interfacial  bond  strengths  higher  than  those  limited  by  the  weak 
outer  layers  of  the  SCS-6  SiC  fibers,  composites  containing  sapphire  fibers  and  super-a2  matrix 
were  fabricated  in  collaboration  with  Rick  Everett  of  NRL.  Tantrum  was  chosen  as  an  interfacial 
coating  to  prevent  reaction  between  fibers  and  matrix  and  to  provide  a  ductile  layer  at  the  interface. 

The  sapphire  fibers of  diameter  80  |im  were  wound  with  uniform  spacing  on  a  dram  and 
cut  into  rectangular  racks  of  fibers  ~  2"  x  1"  held  together  by  thin  lines  of  epoxy  glue  at  their  ends. 
The  fibers  were  then  coated  with  ~  1  pm  of  Ta  by  PVD  at  NRL.  The  fibers  were  then  laid  up  with 
alternating  layers  of  super-a2  foil  to  form  a  uniaxial  composite  with  four  layers  of  fibers  and  were 
consolidated  by  hot  pressing. 

5.2  Microstructure 

An  optical  micrograph  of  a  cross  section  of  the  composite  is  shown  in  Figure  II. 
Movement  of  the  fibers  occurred  during  consolidation,  although  most  fibers  remained  well  spaced. 
Most  fibers  have  a  rounded  hexagonal  cross  section.  Observation  of  lon^tudinal  sections  indicated 
that  fibers  were  broken  during  consolidation,  mostly  into  two  or  three  pieces  within  the  2"  lengths 
of  composite.  These  breaks  did  not  affect  the  transverse  loading  experiments  described  below.  The 
typical  transverse  test  specimen  of  ~  2-mm  thickness  contained  only  a  few  broken  fibers,  which 
could  be  readily  identified;  and  failure  was  never  observed  to  initiate  from  the  broken  fibers.  The 
broken  fibers  were  identified  by  viewing  the  surface  in  reflected  polarized  light  with  an  analyzing 
polarizer  set  at  90°.  Fibers  that  were  intact  through  the  entire  section  appeared  black,  whereas  fibers 
that  contained  fractures  appeared  bright  because  of  internal  reflections  which  changed  polarization 
and  allowed  light  to  pass  through  the  analyzer  (Figure  12). 

The  Ta  coatings  on  most  fibers  were  continuous  with  uniform  thicknesses  of  ~  1  pm 
(Figure  13).  Surrounding  each  fiber  was  a  layer  of  matrix  of  ~  5-pm  thickness  in  which  the  p 
phase  was  depleted.  Otherwise,  there  was  no  evidence  of  reaction  among  the  matrix,  coating,  or 
fiber.  However,  there  were  occasional  regions  where  the  coating  was  missing  (Figure  14), 
typically  on  several  fibers  in  a  cross  section  containing  approximately  400  fibers.  In  these  regions, 
dissolution  of  the  fiber  into  the  matrix  had  clearly  begun  during  consolidation.  This  observation 
demonstrates  the  importance  of  the  Ta  coatings  in  protecting  the  fibers.  The  small  regions  of 
missing  coating  did  not  appear  to  play  a  role  in  the  transverse  tension  experiments  described 
below. 


The  uniformity  of  the  p-depleted  zone  around  each  fiber  suggests  that  the  p-depletion  is 
associated  with  the  fully  coated  fiber  rather  than  being  due  to  the  occasional  small  region  in  which 
the  coating  was  missing.  However,  the  presence  of  the  p-depleted  zone  is  puzzling,  because  any 
diffusion  of  Ta  from  the  coating  would  lead  to  stabilization  of  the  p  phase.  The  only  available 
source  of  p  depletion  is  oxygen,  either  from  the  Ta  coating  or  from  the  AI2O3  fiber  via  diffusion 
through  the  Ta  coating.  The  Ta  coating  was  deposited  in  a  high  vacuum  (~  10'^  torr).  Therefore,  a 
large  amount  of  oxygen  would  not  be  expected  in  the  coating.  However,  there  is  insufficient 
information  about  the  amount  of  oxygen  needed  to  stabilize  the  02  phase  in  this  region  to 
distinguish  these  two  possibilities. 


^  Saphikon 
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5.3  Transverse  Property  Measurements  and  Damage  Observation 

Rectangular  specimens  (~  50  x  2  mm)  were  cut  from  the  composite  panels  (thickness 
~  0.8  mm)  and  tested  in  transverse  tension.  The  cut  faces  were  polished  using  1/4-pm  diamond  to 
remove  obvious  damage  caused  by  cutting.  The  tensile  load  was  applied  using  a  fixture  attached  to 
a  stage  of  an  optical  microscope,  thus  allowing  in  situ  observation  of  damage  develt^ment  prior  to 
failure.  The  load  was  monitored  using  a  load  cell  and  the  average  strain  was  measured  using  a 
strain  gage  attached  to  the  side  of  the  specimen  opposite  that  being  observed. 

A  typical  stress-strain  curve  is  shown  in  Figure  15.  The  curve  is  linear  (and  elastic  as 
confirmed  by  unload-reload  cycles)  at  loads  up  to  90  percent  of  the  failure  load.  The  elastic 
modulus  is  150  GPa,  consistent  with  that  expected  for  a  strongly  bonded  composite. *0  Over  the 
last  10  percent  of  loading,  a  small  plastic  strain  (~  10^)  occurred. 


Figure  15  Stress-strain  curve  for  transverse  loading  of  sapphire/Ta/super-a2  composite.  The 
labels  a,  b  and  c  indicate  the  loads  at  which  the  in  situ  micrographs  of  Figure  16(a,c)  were 
obtained. 

The  in  situ  observations  revealed  the  sequence  of  damage  prior  to  failure  as  shown  in 
Figure  16.  The  first  damage,  which  coincided  approximately  with  the  onset  of  nonlinearity  of  the 
stress-strain  curve,  was  in  the  form  of  cracks  in  the  fibers,  oriented  normal  to  the  applied  load. 
With  continued  loading,  similar  cracks  formed  in  larger  numbers  of  fibers  and  extended  into  the 
matrix.  Cracks  also  formed  within  the  matrix  near  the  edges  of  the  p-depleted  zones  surrounding 
the  fibers  (Figure  16  (b)).  Failure  resulted  from  linkage  of  cracks  in  and  near  adjacent  fibers,  as 
shown  in  Figure  16  (c).  At  the  failure  point  approximately  20  percent  of  the  fibers  within  the  test 
section  contained  cracks,  and  another  20  percent  had  cracks  in  the  adjacent  regions  of  matrix. 

The  strength  of  the  fiber/matrix  interface  is  of  particular  interest  in  this  study.  Several 
observations  indicate  that  the  bond  strength  is  high  in  this  composite  and  that  interfacial  debonding 
or  plasticity  was  not  a  factor  in  the  failure  process  under  tensile  transverse  loading.  The  first 
observation  is  that  the  cracks  in  the  fibers  penetrated  into  the  matrix  without  any  sign  of  deflection 
or  offset  at  the  interface,  even  when  the  cracks  were  inclined  to  the  interface  (Figure  17).  The 
absence  of  interaction  between  the  crack  and  the  interface  is  seen  also  on  the  fracture  surface 
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i-iguro  17  Scjnnini:  clfciron  micrograph  showing  crack  path  across  the  fiber  matrix  interfacial 
rciiion. 


(f  igure  IS)  The  second  observation  is  that  cracks  formed  in  the  matrix  parallel  to,  and  about 
10  pm  from,  the  interfacial  regions  that  were  subject  to  the  maximum  tensile  stress;  while  no 
debonding  u  as  observed  at  the  interface.  This  indicates  that  the  strength  of  the  interface  is  larger 
than  that  ot  the  matrix. 
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Figure  19  Schematic  diagram  showing  damage  mechanisms  observed  in  transverse  loading. 

of  the  composites  in  this  study  (Ef  ~  400  GPa  for  SiC  and  sapphire  fibers  and  E^  =  80  GPa  for 
the  super-a2  matrix — see  Section  3).  The  largest  tensile  stress  is  the  radial  stress  responsible  for 
the  circumferential  matrix  cracking  (and  the  fiber  cracking)  observed  in  the  sapphire/ra/super-a2 
composite  (Figure  20(a)).  Indeed  a  weak  maximum  in  this  stress  component  occurs  at  a  distance 
~  R/10  away  from  the  interface  in  the  matrix,  coinciding  with  the  observed  position  of  crack 
initiation.  However,  crack  initiation  is  also  likely  to  be  affected  by  a  variation  of  material  properties 
with  distance  from  the  fiber;  the  region  of  matrix  around  the  fiber  that  is  depleted  in  p  phase  would 
be  expected  to  be  more  brittle  than  the  matrix  elsewhere. 

Two  effects  combine  to  suppress  circumferential  matrix  cracking  and  instead  promote  radial 
matrix  cracking  in  the  SCS-6-containing  composites.  One  is  the  presence  of  very  weak  interfacial 
layers  which  allow  debonding;  when  debonding  occurs  the  radial  stress  responsible  for 
circumferential  cracking  is  relieved,  leaving  the  tensile  hoop  stresses  that  cause  longitudinal  and 
transverse  radial  cracking.  Before  debonding  occurs,  the  hoop  stress  is  larger  at  the  location  of 
longitudinal  cracking  (ae(0))  than  at  the  position  of  transverse  cracking  (ce(7i/2)),  consistent  with 
the  observation  that  longitudinal  cracks  form  first  in  the  SCS-6-containing  composites.  Debonding 
causes  these  relative  magnitudes  to  change  (aefO)  decreases  and  a0(7t/2)  increases)  and  therefore 
tends  to  promote  transverse  radial  cracking,  although  the  changes  in  the  hoop  stresses  are  much 
smaller  than  the  relaxation  of  the  radial  stress.  Moreover,  the  redistribution  of  hoop  stresses  occurs 
gradually  during  interfacial  debonding  (because  interfacial  sliding  is  restricted  by  friction^') 
whereas  relaxation  of  the  radial  stress  responsible  for  circumferential  matrix  cracking  would  be 
expected  to  occur  as  soon  as  debonding  initiates.  The  other  effect  that  promotes  radial  cracking  in 
the  SCS-6-containing  composites  is  the  presence  of  residual  stresses.  Since  the  thermal  expansion 
coefficients  of  AI2O3  and  Ti3Al  are  similar,  residual  stresses  are  expected  to  be  small  in  the 
sapphire/Ta/super-a2  composite.  However,  in  the  SCS-6-containing  composites  the  smaller 
expansion  coefficient  of  SiC  causes  residual  stresses  that  reduce  the  radial  stress  at  6  =  0  and 
increase  the  hoop  tension  that  is  responsible  for  the  observed  longitudinal  and  transverse  radial 
cracking  in  these  composites. 
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Figure  20  (a)  Elastic  stresses  at  interface  of  strongly  bonded  isolated  fiber  subject  to  transverse 
loading  (ratio  of  elasdc  moduli  of  fiber  and  matrix  =  5).  (b)  Stresses  in  matrix  adjacent  to  fiber  in 
(a). 


The  transverse  strength  of  the  sapphire/Ta/super-a2  composite  (3(X)  MPa)  was  higher  than 
that  of  the  SCS-6/super-02  composite  (^K)  MPa),  but  smaller  than  that  of  the  SCS-6/Ag-Ta/super- 
02  composite  (400  MPa).  Therefore  the  presence  of  a  strongly  bonded  interface  does  not 
guarantee  a  higher  strength  than  a  weakly  bonded  system.  However  tne  potential  exists  for 
increasing  the  strength  of  the  strongly  bonded  sapphire/Ta/super-a2  system  studied  here,  for  the 
strength  is  limited  by  two  effects  that  could  be  eliminated.  One  is  damage  introduced  into  the  fibers 
by  preparing  the  transverse  cross  section.  From  the  calculations  in  Figure  20,  the  stress  at  which 
cracks  firmed  in  the  fibers  was  ~  450  MPa  (700  MPa  for  a  multiple  fiber  calculation),  assuming 
that  residual  stresses  are  negligible.  The  strengths  of  undamaged  fibers  within  a  composite  would 
be  expected  to  be  almost  an  oi^r  of  magnitude  higher  than  this.  The  other  strength  limiting  effect 
is  the  presence  of  a  layer  of  matrix  around  each  fiber  that  is  depleted  in  p  phase  and  is  thus  a  more 
brittle  site  for  initiation  of  circumferential  cracks.  Presumably  ^is  could  be  avoided  by  including  a 
barrier  layer  at  the  interface  to  prevent  diffusion  of  oxygen,  which  is  thought  to  have  caused  the 
^-depleted  region.  Another  approach  would  be  to  add  other  p  stabilizing  elements  to  the  fiber 
coating,  that  would  diffuse  into  the  surrounding  matrix  and  further  inhibit  cracking  under  both 
monotonic  and  fatigue  loading  by  locally  increasing  the  ductility  in  the  critical  regicm. 
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The  optimum  transverse  strength  may  be  achieved  with  an  intermediate  mismatch  in  thermal 
expansion  coefficients  of  the  fibers  and  matrix.  In  the  absence  of  residual  stress,  the  maximum 
tensile  stress  during  transverse  loading  (for  a  fully  bonded  interface  and  in  the  absence  of  plasticity 
in  the  matrix)  is  the  radial  stress  responsible  for  circumferential  cracking  of  the  interface  or  nearby 
matrix  (Figure  20).  As  discussed  above,  the  residual  stress  in  a  composite  with  fibers  of  lower 
thermal  expansion  coefficient  than  that  of  the  matrix  would  cause  the  radial  stresses  to  decrease  and 
the  hoop  stresses  to  increase  uniformly  at  the  interface.  Therefore,  if  transverse  failure  is  dictated 
by  crack  initiation  at  the  site  of  the  largest  tensile  stress,  then  the  optimum  residual  stress  would  be 
that  for  which  the  radial  stress  at  9  =  0  and  the  hoop  stress  at  0  =  Jt/2  are  equal.  More  rigorous 
analysis  of  this  problem,  including  the  effects  of  plasticity, ^2  partial  interfacial  debonding  and 
sliding,  multiple  fiber  interactions,*  and  modeling  of  crack  initiation  would  seem  to  be  a  fruitful 
avenue  for  further  defining  optimum  composite  properties. 
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Abstract— A  technique  is  described  Tor  measuring  fiber  debonding  and  sliding  characteristics  in  intermetal- 
lic  matnx  composites.  The  method  involves  pulling  a  single  fiber  that  protrudes  Trom  the  composite,  while 
measunng  the  applied  force  and  relative  displacements  of  the  fiber  and  matrix.  High  resolution 
displacement  mapping  methods  are  used  to  obtain  data  dunng  initial  loading,  where  sliding  progresses 
only  partly  along  the  fiber  Measurements  from  a  Ti.Al/SiC  composite  are  interpreted  using  the  analysis 
of  the  companion  paper.  The  results  indicate  a  strong  effect  of  constraint  on  the  sliding  response  and 
provide  quantitative  measurements  of  sliding  resistance,  residual  stresses,  and  debond  energy.  Preliminary 
measurements  of  changes  in  sliding  resistance  with  cyclic  loading  are  presented. 

Resunc — On  deent  une  techmque  pour  mesurer  la  dKohesion  des  fibres  et  leur  glissement  dans  des 
composites  a  matrice  intermeullique.  Cette  methode  consiste  a  tirer  une  seule  fibre  sort  du  composite, 
pendant  que  Ton  mesure  la  force  appliquee  et  les  deplacements  relatifs  de  la  fibre  et  de  la  matnee  On 
utilise  les  methodes  de  representation  a  haute  r^lulion  des  deplacemenis  pour  obtenir  des  resultats  en 
debut  de  charge,  quand  le  glissement  ne  se  propage  qu'en  partie  le  long  de  la  fibre.  On  interpretue,  a  partir 
de  I'analyse  de  I'article  precedent,  les  mesures  effectuees  sur  un  composite  Ti,AJ/SiC.  Les  resultats 
montrent  que  la  conirainte  a  une  forte  influence  sur  la  reponse  en  glissement  et  foumissent  des  mesures 
quantiutives  de  la  resistance  au  glissement.  des  contraintes  residuelles  et  de  I'energie  de  d«ohesion.  On 
presente  aussi  des  mesures  preliminaires  de  variations  de  la  resistance  au  glissement  avec  une  charge 
cyclique 

Zusanuneaftssuiig — Ein  Verfahren  zur  Messung  der  Charakteristika  des  Ablosens  und  des  Gleitens  von 
Fasem  in  Verbundwerkstoffen  mit  intermetallischer  Matrix  wird  beschrieben.  Dieses  umfaOt  das 
Herausziehen  eier  einzelnen  Faser  aus  dem  VerbundwerkstolT.  wobei  die  angelegte  Kraft  und  die  reJaijve 
Verschiebung  zwischen  Faser  und  Matnx  gemessen  werden.  Mittels  hochgenauer  Aufzeichnung  der 
Verschiebung  werden  Daten  zur  anfwglichen  Belastung,  bci  der  Gleitung  nur  teilweise  entlang  der  Faser 
ablauft.  ermittelt.  Messungen  an  dem  Verbund  Ti.9.^/SiC  werden  mit  der  in  der  begleitenden  Arbeit 
beschriebenen  Analyse  ausgewenet.  Die  Ergebnisse  weisen  auf  einen  starken  EinfluB  von  Einschrankungen 
des  Gleitverhaltens  hin  und  ergeben  quantitative  Messungen  von  Gleitwiderstand,  Restspannungen  und 
Abloseenergie.  Vorlaufige  Messungen  von  Anderungen  im  Gleitwiderstand  in  Abhangigkeit  von  der 
zyklischen  Belastung  werden  vorgelegt. 


1.  CNTRODGCTION 

There  is  now  convincing  evidence  that  some  degree  of 
weakness  in  the  interfacial  region  between  the  fibers 
and  matrix  of  intermetallic  composites  is  essential  for 
the  reinforcing  fibers  to  be  effective  in  improving  the 
properties  of  the  composite  [1^].  Such  evidence 
comes  from  observations  during  both  fatigue  and 
monotonic  loading  of  Ti,Al/SiC  composites.  There¬ 
fore,  experimental  methods  arc  needed  for  measunng 
the  mechanical  properties  of  interfaces  in  these  com¬ 
posites.  both  as  a  basis  for  reliability  analysis  and  as 
a  means  of  evaluating  and  understanding  processing 
changes  aimed  at  optimizing  interfacial  properties.  In 
this  paper  we  describe  a  technique,  based  on  pulling 
single  fibers  out  of  the  composite,  which  can  provide 
quantitative  measurements  of  the  interfacial  sliding 
resistance,  interfacial  debond  energy,  and  residual 
stresses  that  exist  as  a  result  of  mismatch  in  liber  and 
matrix  properties. 


The  technique  is  related  to  fiber  pushing  exper¬ 
iments  that  have  been  used  to  measure  interfacial 
properties  in  ceramic  composites  [5-9].  In  their  sim¬ 
plest  form,  the  pushing  experiments  involve  loading 
an  indenter  on  the  polished  end  of  a  fiber  within  a 
thin  slice  of  composite  and  measuring  the  force 
needed  to  cause  complete  sliding  of  the  fiber  through 
the  slice  [10-16].  Such  experiments  have  also  been 
used  successfully  to  measure  interfacial  sliding  in 
Ti,AI/SiC  composites  (17,  18].  However,  the  results  of 
this  type  of  experiment,  involving  a  thin  slice  of 
composite,  are  difficult  to  interpret  in  terms  of  funda¬ 
mental  interfacial  properties  (debond  energy  and 
frictional  sliding  parameters),  because  of  the  compli¬ 
cations  of  end  effects  and  residual  stresses,  and 
because,  in  the  absence  of  independent  observations, 
it  is  not  generally  known  whether  the  onset  of 
complete  sliding  coincides  with  the  initiation  of 
debonding  or  follows  progressive  debonding  and 
sliding  along  the  interface.  Other  studies  with  ceramic 
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composiics  have  shown  that  much  more  inf'ormaiion 
can  he  cxiractcd  from  uxpenments  in  which  individ¬ 
ual  hbers  m  a  thick  specimen  are  pushed,  and  the 
applied  forces  and  relative  displacements  of  the  fibers 
and  matrix  are  measured  continuously  as  the  sliding 
progresses  partially  along  the  fiber  (5-8).  These  exper¬ 
iments  require  very  sensitive  displacement  measure¬ 
ments,  since  the  displacements  result  from  elastic 
strains  within  the  sliding  portion  of  the  fiber.  Dis¬ 
placement  sensitivity  of  several  nm  was  achieved  by 
using  an  ultra  low  loud  indenter  to  push  on  the  fibers 
[5-8].  The  fiber  pulling  technique  described  in  this 
paper  is  the  tensile  loading  counterpart  of  this  con¬ 
tinuous  indentation  experiment,  the  requisite  sensi¬ 
tivity  in  displacement  measurements  being  achieved 
by  direct  imaging  of  the  fiber  and  matrix. 

Calculation  of  interfacial  properties  and  residual 
stresses  from  these  measurements  requires  the  fitting 
of  theoretical  predictions  derived  from  micromechan- 
ics  modeling  of  the  debonding  and  sliding  process  to 
the  experimental  data.  An  abundance  of  such  models, 
with  various  degrees  of  approximation,  have  ap¬ 
peared  in  the  literature  recently,  following  the  wide¬ 
spread  use  of  the  fiber  pushing  experiments.  For  the 
types  of  composites  of  interest  here,  with  weakly 
bonded  (or  unbonded)  interfaces  and  low  sliding 
resistance,  shear-lag  models  are  appropriate.  .A  recent 
shear  lag  analysis  by  Hutchinson  and  Jensen  (19) 
accounts  for  effects  of  thermal  and  elastic  mismatch 
of  the  fibers  and  matrix  as  well  as  interfacia)  debond¬ 
ing.  with  sliding  over  the  debonded  surfaces  governed 
either  by  a  Coulomb  friction  law  or  by  a  constant 
sliding  stress.  This  analysis  has  been  cast  in  a  form 
that  is  convenient  for  comparison  with  the  fiber 
pulling  experiments  in  the  accompanying  paper  [30]. 

2.  EXPERIMENTAL 

2.1.  Material 

A  titanium-aluminide.'SiC  composite,  in  the  form 
of  a  thin  sheet  (0.7  mm  thickness)  containing  three 
layers  of  uniaxially  aligned  fibers.t  was  used  for  the 
interfacial  sliding  measurements.  The  composition  of 
the  a;-bascd  matrix  was  Ti-25Al-10Nb-3Mo-lV 
(super-a2).  The  fibers  were  CVD  SiC  of  diameter 
140  pm.  with  several  carbon-rich  outer  layers  (SCS-6) 
that  provide  a  weakly  bonded  sheath  on  the  outside 
of  the  fibers  (31).  Studies  of  the  microstructure,  mech¬ 
anical  properties,  and  residual  stresses  in  the  com¬ 
posite  have  been  published  elsewhere  [1.  3. 4. 33. 33], 
Some  reaction  between  the  outer  layers  of  the  fiber 
and  the  matnx  occurred  during  consolidation,  form¬ 
ing  a  layer  of  fine-grained  siliodes  and  carbides 
~3pm  thickness  around  each  fiber  [33].  Pertinent 
mechanical  properties  of  the  composite  are  listed  in 
Table  1. 


tComposile  manufactured  by  Textron  Specialty  Matenals. 
Waltham.  Mass  :  super-x.  Ti,AI  matrix  with  SCS-h  .SiC 
fibers. 


Table  1  Propcnies  of  Ti.Ai  Sit.  .ompoMic 
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0 

Fiber  radiusi.  R, 
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Residual  stresses  strongly  affect  the  fiber  pulling 
experiments.  Several  techniques,  desenbed  in  detail 
elsewhere,  have  been  used  to  measure  residual  stresses 
in  this  composite  [33j.  The  axial  residual  stress  in  the 
fibers  was  found  by  masking  the  ends  of  a  rectangular 
beam  and  etching  away  all  of  the  matrix  within  a  long 
midsection  (56  mm  length),  to  leave  the  two  ends 
joined  by  bare  fibers.  The  change  in  length  caused 
by  relaxation  of  residual  stress  in  the  fibers  was 
measured  by  taking  optical  micrographs  of  both 
ends  against  a  fixed  reference  gage  before  and 
after  the  matnx  was  removed.  The  residual  strain 
thus  measured  was  I  .56<  ±0.02)  x  10  ’,  which  corre¬ 
sponds  (according  to  a  concentric  cylinder  calcu¬ 
lation)  to  a  compressive  axial  stress  of  800  ±  20  .MPa 
in  the  fiber.  The  axial  residual  stress  in  the  matrix  was 
found  by  analysis  of  X-ray  diffraction  peak  shifts  to 
be  450  +  50  MPa.  With  the  measured  volume  fraction 
of  fibers  (/ -  0.36)  these  two  values  satisfy  the  con¬ 
dition  for  force  balance  on  a  cross  section  of  the 
composite. 

2.2.  Sliding  measurements 

The  single  fiber  pulling  experiment  is  shown  sche¬ 
matically  in  Fig.  1.  The  ends  of  the  specimen  m 
Fig.  1(a)  were  glued  to  a  loading  fixture  on  the  stage 
of  an  optical  microscope.  As  the  ends  of  the  specimen 
were  pulled  apart,  with  the  force  being  measured 
continuously  by  a  load  cell,  high  magnification 
micrographs  were  obtained  from  the  region  where 
the  fiber  exited  the  matrix  as  in  Fig.  1(b).  From 
these  micrographs  accurate  measurements  of  the 
distance  that  the  fiber  pulled  out  of  the  matnx  were 
obtained. 

The  specimens  were  prepared  from  beams 
(~40  mm  X  3  mm  x  0.7  mm)  of  the  composite  which 
contained  fibers  aligned  uniaxially  along  the  beams. 
The  matrix  and  all  but  one  of  the  fibers  were  removed 
from  the  central  section  ( ~4  mm  length)  of  the  beam 
by  a  combination  of  diamond  cutting  and  chemical 
etching.  First,  most  of  the  material  within  the  central 
section  was  removed  by  grinding,  leaving  several 
fibers  and  the  surrounding  matrix.  Then,  the  remain¬ 
ing  matrix  was  removed  by  etching,  while  protecting 
the  ends  with  a  mask.  The  fibers  that  were  not  to  be 
tested  were  then  individually  removed  by  cutting  with 
a  diamond  saw  operated  uniler  a  microscivpc.  .A  saw 
cut  was  also  made  through  the  lop  layer  of  fibers  at 
a  predetermined  distance  from  the  central  section 
(1.5  mm  in  the  present  experiments),  in  order  to  allow 
data  to  be  collected  during  complete  sliding  vvf  the 
fiber  [Fig.  I(c)j,  as  well  as  from  the  initial  loading 
region  where  partial  sliding  occurred  [Fig.  l(b)|. 
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Fig.  I .  Schematic  diagram  of  fiber  pulling  experiment,  (a)  Test  specimen;  (b)  Initial  loading  where  sliding 
occurs  partially  along  the  embedded  length  of  fiber:  (c)  Pullout  where  entire  embedded  length  of  fiber 

shdes. 


The  relative  displacements  of  the  fiber  and  matrix 
were  found  by  measuring  changes  in  separation  of 
corresponding  image  features  (from  the  matrix  and 
fibers)  in  pairs  of  micrographs,  one  obtained  before 
load  was  applied  to  the  specimen  and  the  other 
during  loading.  For  the  data  reported  here,  this 
differential  measurement  was  obtained  by  stereo 
viewing  of  pairs  of  micrographs  [24].  although  the 
measurement  can  also  be  done  by  computerized 
digital  image  correlation  [25].  Both  methods  yield 
relative  displacement  resolution  of  ~  10  nm  from 
optical  micrographs  (substantially  smaller  than  the 
point-to-point  resolution  of  the  individual  micro¬ 
graphs).  provided  the  imaging  conditions  for  both 
micrographs  are  identical  (illumination  and  collection 
optics,  focus,  specimen  orientation  and  position). 

Typical  micrographs,  taken  at  three  stages  of  the 
experiment,  are  shown  in  Fig.  2.  The  surface  of  the 
fiber  is  in  focus  along  a  line  at  the  top  of  the  fiber. 
As  a  result  of  the  etchtng,  the  surface  of  the  mat.ix 
from  which  the  fiber  protruded  was  at  an  angle  of 
approximately  50  to  the  plane  of  the  micrographs,  so 
that  the  matrix  is  in  focus  only  along  a  line  perpen¬ 
dicular  to  the  fiber  The  image  features  along  this  line 


were  compared  with  those  along  the  lop  of  the  fiber 
to  obtain  the  displacement  measurements.  The  micro¬ 
graph  of  Fig.  2(a)  was  obtained  before  loading. 
Fig.  2(b)  during  initial  loading  (just  before  sliding 
reached  the  saw  cut,  relative  displacement  5:  9.8  /rm). 
and  Fig.  2(c)  immediately  after  complete  sliding  had 
begun  (relative  displacement  39 /rm). 

Measurements  were  obtained  during  both  mono¬ 
tonic  and  cyclic  loading  experiments.  All  measure¬ 
ments  required  the  load  to  be  held  constant  during 
exposure  of  the  micrographs.  The  '‘monotonic”  load¬ 
ing  expieriments  included  a  single  unload/reload  cycle 
during  the  initial  loading  phase,  where  only  partial 
sliding  occurred,  in  order  to  provide  additional  data 
that  is  useful  for  distinguishing  effects  of  residual 
stresses.  This  single  cycle  did  not  significantly  affect 
the  remainder  of  the  force-displacement  relation. 
Multiple  cyclic  loading  experiments  were  done  (on 
another  specimen)  at  various  stages  of  pullout  as  a 
preliminary  investigation  of  fatigue  of  the  interfacial 
properties.  Within  the  initial  loading  region,  the  load 
was  cycled  repeatedly  between  a  fixed  maximum 
value  and  zero.  Cycling  in  the  pullout  region  involved 
reversing  the  load  so  as  to  push  the  fiber  and  cause 
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Fig.  2.  Examples  ol'  optical  micrographs  I'rom  uhich 
measuremeni.s  were  obtained,  la)  Zero  load,  (b)  Juiing 
initial  loading  ipartial  slipl.  load  50  N.  ici  after  complete 
sliding  began,  load  .’4  N. 


complete  sliding  in  the  opposite  direction  for  a  dis¬ 
tance  of  100 IX  m.  then  pulling  it  back  to  the  original 
position. 

2.3.  Comparison  with  fiber  pushing  experiments 

Some  simple  fiber  pushout  measurements  were 
done  in  order  to  provide  a  comparison  with  the  fiber 
pulling  results.  In  these  experiments  a  thin  polished 
slice  of  the  composite  (with  fibers  oriented  normal  to 
the  slice)  was  glued  into  a  fixture  as  shown  in  Fig.  3. 
and  the  ends  of  the  fibers  were  pushed  using  a  Vickers 
indenter.  The  specimen  mounting  method  illustrated 
in  Fig.  3  avoids  extraneous  bending  stresses  that 
might  arise  if  the  specimen  was  simply  supported  on 
a  base  plate  containing  a  hole.  The  indentation  load 
was  measured  continuously  using  a  load  cell, 
although  in  these  experiments  the  displacement  was 
not  measured. 

3.  RESU  LTS 

The  relative  displacements  of  the  fiber  and  matnx 
at  various  stages  of  a  fiber  pulling  experiment  are 
shown  in  Fig.  4.  The  data  to  the  left  of  the  peak  in 
Fig.  4<a)  correspond  to  initial  loading,  where  sliding 
between  fiber  and  matrix  occurs  only  over  a  limited 
distance  along  the  fiber,  whereas  data  to  the  nght  of 
the  peak  correspond  to  complete  sliding  of  the  entire 


Fig.  4.  Force  and  displacement  measurements  from  fiber 
pulling  experiment.  Ti,Al.SiC  composite  with  embedded 
fiber  length  1.5  mm. 
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Fig.  5.  Data  from  initial  loading  region  of  Fig.  4.  Continu¬ 
ous  curves  for  initial  loading  are  best  fit  of  equation  (I)  in 
(a)  and  equation  (2)  in  (b),  both  with  T' «  0.  Curves  for 
unload/reload  cycles  predicted  from  equations  (3)  to  (6) 
using  values  of  S^g  and  or  <5  calibrated  from  curve  fit  to 
initial  loading. 


embedded  length  of  fiber  (15  mm).  The  initial  load¬ 
ing  included  a  single  unload  reload  cycle  between 
loads  of  37  N  (corresponding  to  an  axial  stress  of 
2.4  GPa  on  the  end  of  the  fiber)  and  zero;  the  data 
from  the  initial  loading  region  are  shown  with  an 
expanded  displacement  scale  in  Fig.  5  (the  curves  in 
this  figure  are  fitted  according  to  two  interface  models 
discussed  in  Section  4)  The  partial  recovery  of 
the  displacement  during  the  unloading  half-cycle 
(approx.  30%)  and  the  hysteresis  between  unloading 
and  reloading  are  characteristic  of  frictional  sliding 
between  the  matrix  and  fiber.  After  reloading  to  37  N 
the  displacement  was  almost  the  same  as  before 
unloading,  indicating  that  the  sliding  resistance  of  the 
interface  had  not  degraded  significantly  during  the 
unload/reload  cycle. 

When,  during  continued  loading,  the  sliding  dis¬ 
tance  reached  the  end  of  the  fiber  (at  a  load  of  50  N. 
corresponding  to  stress  3.25  GPa  in  the  fiber)  the 
transition  to  complete  sliding  was  accompanied  by  a 
discontinuous  load  drop  and  increase  in  displace¬ 
ment.  Subsequent  pullout  involved  stick-slip  motion, 
with  amplitude  initially  ~  1  N  (smaller  than  the  sym¬ 
bols  in  Fig.  4),  but  decaying  to  <0.1  N  after  200  >tm 
of  movement.  The  displacements  during  the  entire 
pullout  phase  are  shown  in  Fig.  6.  .\fter  approxi- 
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Fig  6.  Data  from  pullout  region  of  Fig.  4  with  predicted 
curves  for  constant  friction  and  Coulomb  fnction  models. 

mately  200  ttm  of  the  fiber  had  pulled  out,  the  load 
decreased  linearly  with  pullout  distance,  correspond¬ 
ing  to  a  constant  frictional  sliding  resistance. 

Examination  by  scanning  electron  microscopy  of 
both  the  fiber  after  it  was  pulled  completely  out  of  the 
matrix  and  the  remaining  hole  after  sectioning  indi¬ 
cated  that  separation  occurred  between  the  outer 
(SCS-6)  coating  of  the  fiber  and  the  reacuon  layer  that 
existed  between  the  fiber  and  matrix  fFig.  7),  This  was 
confirmed  by  EDAX  analysis  of  the  fiber  surface; 
within  the  region  that  was  exposed  by  the  etchant 
there  were  traces  of  Al,  Ti.  Mo  and  Nb  remaining 
from  the  matrix  and  or  reaction  layer,  whereas  over 
the  surface  that  was  exposed  by  sliding  there  was  no 
sign  of  these  elements  (the  only  signal  detected  being 
Si  from  the  fiber).  These  results  also  provide  good 
evidence  that  the  interface  was  not  preferentially 
attacked  by  the  etchant  during  specimen  preparation. 
Over  most  of  the  sliding  surface  there  was  no  appar¬ 
ent  damage  to  the  outer  coating  of  the  fiber,  although 
near  the  end  of  the  fiber  the  coaling  was  cracked. 

Results  of  a  cyclic  loading  experiment  are  shown  in 
Fig.  8.  Cycling  the  load  between  20  N  and  zero  150 
times  [Fig.  8(a))  during  the  initial  loading  phase 
(partial  slip)  had  only  a  minor  effect  on  the  sliding 
resistance;  the  displacement  during  subsequent  load¬ 
ing  above  20  N  was  increased  slightly  (il0%).  At 
the  peak  load  of  28  N  the  entire  fiber  began  sliding: 
this  load  is  lower  than  that  in  Fig.  4  because  in  this 
specimen  the  embedded  length  was  smaller 
(0.78  mm).  The  fiber  was  pulled  out  170  /tm.  then  the 
load  was  reversed  until  the  entire  fiber  moved  in  the 
opposite  direction  for  a  distance  of  100 ^m.  then  the 
load  was  reversed  again  to  pull  the  fiber  back  out  to 
170^tm.  This  cycle  was  repeated  20  times  [Fig.  8(b)). 
During  each  load  reversal  there  were  small  displace¬ 
ments  [~2/rm.  see  inset  of  Fig.  8(b))  corresponding 
to  the  progression  of  reverse  slip  partly  along  the 
interface.  After  20  cycles,  the  force  needed  to  make 
the  entire  fiber  move  had  decreased  by  ^25%  as 
shown  in  Fig.  8(e). 

Examination  of  the  fiber  surface  after  pulling  the 
fiber  completely  out  of  the  matrix  indicated  that 
separation  had  taken  place  between  the  outer  coating 
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l-ig  '  Scanning  deciron  micrographb  shoinng  fiber  from  cxperimeni  of  Fig  4  afier  being  pulled  oui  of 

the  matrix 


ol  the  fiber  and  the  reaction  product  laxer  in  the 
matrix,  as  in  monotonic  loading.  Hovxexer.  the  SCS-6 
layers  on  the  fiber  «.ere  severely  cracked  iFig.  9).  It 
is  not  known  whether  the  cracking  occurred  while  the 
fiber  was  within  the  matrix,  or  whether  it  was  caused 
by  relief  of  residual  stresses  i  built  up  by  deformation 
t'ccurring  during  the  repeated  sliding)  after  removing 
the  fiber. 


In  the  fiber  pushing  experiments  the  applied  load 
was  increased  continuously  until  complete  sliding 
of  the  fiber  began,  whereupon  the  load  decreased 
abruptly  From  10  tests  in  the  slice  of  thickness 
O.-f  mm.  the  peak  load  was  J"  z  '  N  In  most  cases 
sliding  occurred  at  the  same  location  as  in  the  pulling 
cxpenmenis  n.e.  between  the  outer  layer  of  the  fiber 
and  the  reaction  product  layer  in  the  matrix  iFig  lOl. 
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I'vpressions  reiatine  the  applied  lorces  and  sliding 
dispiacenients  jppropri.ile  '>  :ne  initial  loading  data 
arc  d.enved  in  the  accontp  nving  paper  [20).  The 
analv'is  based  on  the  nt  del  ot'  f-iutchinsi'n  and 
Jensen  [l'*|,  which  consider  pullout  by  stable  inter- 
lacial  d.ebonding.  with  sli.  -ng  over  the  debonded 
surlace  governed  S\  either  ■.  t'ouiontb  friction  law  .sr 


a  constant  sliding  resistance  The  contpo'ite  >  treated 
as  a  composite  cylinder  with  shear  Lie  conditions,  but 
full  account  is  taken  of  elVects  of  resup.ia!  a\;al  and 
transverse  stresses.  Poissi'n  s  strains,  didenng  elastic 
properties  of  the  fibers  and  matriv.  ind  .mi'otropy  ol' 
both  the  elastic  properties  oi'  the  libers  and  ihe  elastic 
misfit  strain  The  analysis  requires  that  the  length.  /. 
of  the  debond  be  more  than  2  times  the  liber  radius 
and  that  the  interfaciai  sliding  resistance  be  small 
compared  with  the  applied  axial  'tress  m  the  tiber 
The  displacement'.  •>.  during  imti.il  loading  can  be 
expressed  most  conveniently  as  follows,  m  terms  of 
normalized  parameters  defined  in  Table  2 
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(r  >0)  (I) 


for  Coulomb  friction  at  the  sliding  interface,  and 

I;  =  sj  +  2s.s»„(^  -  1)  -  r  ‘  -  ir  s^^A  -  d 

o 

(r  >0)  (2) 


for  interfacial  sliding  governed  by  a  constant  sliding 
resistance  t. 

The  normalized  parameters  ■S,,  Sro  and  r'  rep¬ 
resent  the  applied  load,  the  residual  stress,  and  the 
debond  energy;  d*  and  S'  are  displacement  scaling 
parameters  which  are  dependent  on  the  interfacial 
sliding  properties;  and  ,4  is  a  dimensionless  parameter 
that  is  dependent  upon  the  elastic  properties  and 
thermal  anisotropy  of  the  fibers  and  matrix.  Debond¬ 
ing  of  the  interface  initiates  at  the  normalized  applied 
load  5,  =  r'.  Therefore  equations  (1)  and  (2)  require 
that  5,  be  larger  than  f  '.  If  f'  is  negative,  spon¬ 
taneous  debonding  and  sliding  between  the  fiber  and 
matrix  occurs  during  sectioning  of  the  composite 
(note,  from  Table  2,  that  since  F’  is  the  sum  of  two 
terms,  one  proportional  to  the  debond  energy  and  the 
other  the  residual  stress,  the  condition  T'  =0  corre¬ 
sponds  to  finite  debond  energy).  In  that  case  the 
displacements  are  given  by  equations  (1)  and  (2)  with 
f  '  =  0  (i.e.  the  displacements  are  independent  of  the 
debond  energy).  The  equations  are  also  restricted  to 
applied  loads  S,  <  Sro;  if  S,  >  Sro  the  normal  s- ress 
at  the  interface  becomes  tensile. 

The  changes  in  displacement  during  unloading  and 
reloading  are  given,  for  the  Coulomb  friction  model, 
by 

S.  —  d 


(unloading) 


(reloading) 


(3) 


(4) 


where  Op  is  the  displacement  at  the  peak  load,  given 
by  equation  ( 1 )  with  S,  =  1 .  and  Oo  is  the  displacement 
after  unloading,  given  by  equation  (3)  with  S,  =  0. 
The  corresponding  displacements  for  the  constant 
friction  model  are 


(unloading) 


(5) 


and 


izi2  =  l 

S'  2 


(reloading) 


(6) 


Data  from  the  fiber  pulling  expennienls  indicate 
that  the  parameter  /  is  dose  to.  or  less  than  zero 
Relative  sliding  between  the  libers  and  matrix  has 
been  observed  at  applied  loads  as  low  at  3  N,  a 
detection  limit  which  is  imposed  by  the  accuracy  of 
the  displacement  measurements.  With  this  limit  on 
the  stress,  Uj,  needed  to  inmate  debonding,  the 
equations  of  Table  2  provide  an  upper  bound  for  the 
intrinsic  debond  energy  of  the  interface.  C, 

,7, 

4£'m 

With  the  values  of  /?,,  and  b,  from  Tables  1 

and  3,  and  Op  <  200  MPa  (corresponding  to  3  N 
load),  this  upper  bound  becomes  41  J  mv  Although 
the  use  of  this  equation  with  data  corresponding  to 
small  loads  (and  hence  small  sliding  distances)  is 
questionable,  the  conclusion  (that  f  '^O)  is  also 
consistent  with  analysis  of  the  data  at  higher  loads 
where  the  sliding  distances  are  large  enough  to  satisfy 
the  requirements  of  the  shear  lag  models.  In  this  case, 
we  will  see  that  unless  T'  %  0  neither  analysis  can  be 
fitted  to  the  data  using  parameters  consistent  with 
independent  measurements.  For  f  '  C  0  (i.e.  =  0). 

the  upper-bound  debond  energy  is  reduced  to 
26  J/mv 

The  data  from  Fig.  5  were  analyzed  in  terms  of  the 
two  models  by  first  fitting  equations  (1)  and  (2).  with 
F'  =  0.  to  the  data  for  initial  loading,  within  the  load 
range  zero  to  50  N,  excluding  the  data  from  the 
unload/reload  cycle.  The  value  of  A  was  calculated 
from  the  elastic  properties  listed  in  Tables  I  and  3, 
assuming  initially  that  both  the  elastic  misfit  strain 
and  the  elastic  properties  of  the  fibers  are  isotropic. 
These  assumptions  are  uncertain  because  direct 
measurements  of  transverse  properties  of  the  fibers 
do  not  exist  and  because  plastic  yielding  of  the  matrix 
during  cooling  from  the  fabrication  temperature 
could  have  introduced  anisotropy  in  the  elastic  misfit 
strain.  The  influence  of  strain  anisotropy,  character¬ 
ized  by  the  parameter  A  =  ej.  where  r  *  and  t  J  are 
the  misfit  strains  in  the  radial  and  axial  directions, 
will  be  examined  below.  The  values  of  ^  *  and  d  were 
adjusted,  for  various  values  of  Sro,  to  fit  the  measured 
displacement  at  the  peak  load  (S„  =  1 ),  and  the  values 
of  S,„  that  gave  the  best  fits  to  the  remainder  of 
the  data  were  selected  (Fig.  1 1).  These  values  of  Sro 
and  S*  or  O'  are  listed  in  Table  4,  along  with  the 
corresponding  values  of  the  residual  stress.  (r,o.  and 


Tdbie  3.  Dimensionless  eiasitc  par- 
ameiers*'’  (assuming  isotropic  tibers) 


1  64 

a. 

0.536 

0  400 

aib,\- ' 

0  188 

A  = 

M4 

^4  ) 

'"Evaluated  from  Ref  (19],  with  the 
elastic  properties  listed  in  Table  1 
and  A  »  i 
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(a)  0  2  <  6  a  10 

F-IBER  DISPLACEMENT  (fonl 


ID)  0  2  4  a  a  10 

FIBER  DISPLACEMENT  (jun) 


Fig.  II.  Compansons  of  equations  (I)  and  (2)  with  data 
from  Fig.  5.  (a)  Coulomb  friction  model  (equation  (1)J  for 
various  values  of  S'ko  with  S*  obtained  by  fitting  to 
measured  peak  load  and  displacement:  (b)  constant  friction 
model  (equation  (2)]  with  S '  obtained  by  fitting  to  measured 
peak  load  and  displacement. 

frictional  property  (ji  for  the  Coulomb  model  and  r 
for  the  constant  friction  model)  calculated  from  these 
fitted  parameters  using  the  equations  of  Table  2. 

The  fitted  values  of  5*,  d'  and  Srq  were  then  used 
to  generate  predicted  curves  for  the  unload/reload 
cycle,  using  equations  (3)-<6)-  These  predicted  curves 
and  the  fitted  initial  loading  curves  are  compared 
with  the  data  in  Fig.  5.  The  initial  loading  curves  for 
both  models  show  reasonable  agreement  with  the 
data  (perhaps  slightly  better  for  the  constant  friction 
model),  a  result  that  is  not  surprising  since  there  are 
two  adjustable  parameters  for  each.  However,  the 
predicted  unloadi  reload  curves  for  the  Coulomb  fric¬ 


tion  model  show  significant  discrepancy  with  the 
data,  whereas  those  for  the  constant  friction  model 
show  good  agreement 

Failure  of  the  Coulomb  friction  model  is  also 
evident  in  the  value  of  residual  axial  stress  in  the 
fiber  that  was  evaluated  from  the  curve  fit  to  the 
initial  loading  data  (Table  4).  this  value  was  (f,o  = 
—  1600  MPa.  which  is  double  the  value  measured 
independently  (-800  MPa,  Section  2)  This  dis¬ 
crepancy  IS  much  larger  than  expenmental  errors.  On 
the  other  hand,  the  value  obtained  from  the  constant 
frictional  stress  model.  <J|J  = -780  MPa,  was  in 
agreement  with  the  independent  measurement. 

To  check  whether  anisotropy  of  the  rmsfit  strain 
would  have  a  significant  effect  on  the  comparison  of 
the  Coulomb  model  with  the  data,  the  curve  fitting 
was  repeated  for  vanous  values  of  A  The 

anisotropy  enters  the  analysis  via  the  influence  of  A  on 
the  parameters  Uj  ^nd  at,  which  affect  the  parameter 
A  (and  hence  S^)  in  equations  (1),  (3)  and  (4).  Note 
that,  for  a  given  residual  axial  stress  a~a  in  the  fibers, 
A  does  not  affect  the  curves  for  the  constant  friction 
model,  since  the  only  appearance  of  A  and  *^R0  in 
equations  (2),  (S)  and  (6)  is  in  the  term  5|u)(-4  -  1 1  in 
equation  (2).  which  can  be  wnticn  as  i7,o  (Table  1 ). 
The  curves  from  the  Coulomb  fnction  model  with 
A  =  4  that  best  fit  the  initial  loading  data  are  shown, 
along  with  the  predicted  unload  reload  curves,  in  Fig. 
12(a);  the  corresponding  values  of  and  the  other 
parameters  are  listed  in  Table  4  for  A  =  2.  4  and  10. 
Both  the  predicted  unload/ reload  curves  and  the 
calibrated  values  of  a, I  agree  more  closely  with  the 
aau  and  independent  residual  stress  measurement  as 
the  value  of  A  increases.  This  trend  is  to  be  expected, 
since  with  increasing  A  the  normal  interfacial  residual 
stress  becomes  larger  for  a  given  residual  axial  stress 
in  the  fiber.  Consequently  the  relative  changes  in 
normal  inierfacial  stress  over  the  region  of  sliding 
become  smaller  (the  absolute  change  in  normal  stress 
IS  determined  by  the  stress  applied  to  the  end  of  ihc 
fiber),  resulting  in  a  smaller  relative  change  in  inter- 
facial  sliding  resistance.  For  the  case  of  A  =  10,  the 
normal  interfacial  stress  at  the  peak  applied  load  of 
50  N  would  vary  between  1050  MPa  at  the  end  of  the 
sliding  region  to  918  MPa  at  the  surface  where  the 
fiber  e.xits  the  matrix,  with  corresponding  frictional 


Table  4.  Parameters  evaluateU  b>  curve  btung  to  iniuai  loading  data 


f  *0 

r  -o.i 

*  I 

li  -4 

i  «  10 

A  =  1 

Coulomb  model 

A 

1.14 

1.087 

(.057 

1.038 

I  14 

(!• 

28 

45 

66 

89 

38 

^wa 

3  5 

5 

6.5 

8 

5 

P 

0.23 

0.14 

0.10 

0.074 

0  17 

(MPal 

-IM0 

-I4<X) 

-1200 

-990 

-2300 

Constant  fnction  mode) 

A 

«5  (^m> 

•S’no 

r  (MPa) 

(MPa) 

1  14 

b.b 

1.7 

66 

1  14 

55 

3 

"8 

-  1380 

Am  40:3>C 
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FIBER  DISPLACEMENT,  u  (lun) 


FIBER  DISPLACEMENT,  u  (lun) 

Fig.  12.  Effect  of  (a)  anisotropy  m  misfit  strain  (/.  =  t  J  tj) 
and  (b)  positive  values  of  T  on  curve  fitting  with  Coulomb 
friction  model.  Data  from  Fig.  5. 


stresses  of  77  and  67  MPa.  Therefore  the  response  is 
indeed  close  to  that  of  a  constant  frictional  stress. 
However,  such  a  large  anisotropy  in  misfit  strain  is 
not  likely  to  be  realistic,  suggesting  that  another 
physical  phenomenon  must  be  responsible  for  the 
constant  friction  behavior. 

To  confirm  the  validity  of  using  T’^O  m  the 
analysis,  the  curve  fitting  was  repeated  with  several 
positive  values  of  f.  The  curves  corresponding  to 
debond  initiation  loads  of  5  and  ION  (T'  =  0.1  and 
0.2)  for  the  Coulomb  friction  model  are  showai  in  Fig. 
12(b),  and  corresponding  values  of  and  the  other 
parameters  are  listed  in  Table  4.  Both  of  the  dis¬ 
crepancies  noted  above,  in  the  degree  of  recovery 
during  unloading  and  in  the  magnitude  of  the  re¬ 
sidual  axial  stress  m  the  fiber,  become  larger  as  the 
value  of  r  '  is  increased.  .A  similar  trend  is  evident  for 
positive  values  of  F'  for  the  constant  friction  model 
(Table  4).  Therefore,  the  constant  friction  model  with 
F  '  <  0  is  the  only  combination  that  is  consistent  with 
the  measurements. 

As  a  final  check  that  the  sliding  conditions  satisfy 
the  assumptions  of  the  analysis,  the  debond  lengths. 
/.  were  evaluated  at  various  stages  of  loading,  using 
the  calibrated  parameters  from  Table  4  and  the 
following  expressions  (20] 


for  Coulomb  friction,  and 

for  the  constant  friction  model  The  resuhv  are 
indicated  by  the  upper  scales  in  Fig.  5(a)  and  (bi  For 
both  models,  the  calculated  slip  lengths  satisfy  the 
condition  I  ft  >  2  (a  requirement  of  ihe  debond 
analysis  of  Ref.  (I9j)  over  the  entire  range  ol  data 
Moreover,  the  corresponding  applied  loads  satisfy 
the  shear-lag  requirement  (T^»t 

4.2.  Pulhul  (.sliding  i»er  eniirt-  emhvddej  Itngih  ot 
fiber) 

A  constant  inierfacial  sliding  resistance  would  re¬ 
sult  in  a  linear  decrease  in  the  applied  force  with 
pullout  distance,  when  sliding  occurs  over  (he  entire 
embedded  length  of  fiber  At  pullout  distances  larger 
than  200  )im  this  is  the  case  for  the  data  in  Fig  6 
However,  at  smaller  pullout  distances  the  forces  are 
larger  than  the  extrapolation  from  the  linear  region, 
a  trend  that  is  contrary  to  the  response  that  would 
result  from  Coulomb  fnction.  for  which  the  force 
would  fall  below  the  linear  extrapolation  [26]  The 
results  indicate  that  the  magnitude  of  the  average- 
sliding  resistance  along  the  embedded  length  of  fiber 
decreased  as  the  fiber  was  pulled  out  for  the  first 
200  /im.  from  an  initial  value  of  ~  66  MPa  to  a  steady 
state  value  of  ~ 40  MPa  (Fig.  13) 

4.3.  Pushout 

The  force  required  to  cause  complete  sliding  in  the 
fiber  pushout  expenments  (47  +  7  N)  was  substan¬ 
tially  larger  than  in  fiber  pulling  expenments  with 
fibers  of  similar  embedded  length  (Fig.  8(bl.  peak 
force  27  N].  Such  a  difference  is  expected  in  the 
presence  of  residual  axial  compressive  stress  m  the 
fiber  and  a  finite  debond  energy  (20].  For  a  given 
embedded  length,  the  critical  applied  stresses  in 
pulling  {a'J  and  pushing  (it;;)  are  related  approxi¬ 
mately  by  (for  F'  $  0)  (20] 

k5l-i<til=t2|vl.  (10) 


PULLOUT  DISTANCE,  u  (iim) 

Fig  I.'.  Average  (rictional  stress  dunne  fiber  pulloui.  c.iicii. 
laied  from  data  of  Fig  6 
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Fig  14  Increased  radial  misfii  sirain  due  ie  surface  roughness  in  ennsiraincd  hher  sliding 


With  the  measured  difference  in  forces  required  for 
complete  initial  sliding  in  the  pulling  and  pushing 
experiments,  equation  (10)  gives  ■;  in  the  range 
360-800  MPa.  The  upper  end  of  this  range  is  equal 
to  the  measured  magnitude  of  and  therefore 
corresponds  to  T '  =  0  and  G-  =  26S  mA  whereas  the 
lower  end  corresponds  to  =  5  J  m^ 

5.  DISCISSION 

Analysis  of  the  experimental  data  from  the  region 
of  initial  loading  indicated  that  the  resistance  to 
sliding  between  the  fiber  and  matrix  was  constant 
(Within  <  lO”!))  along  the  debonded  region  of  the 
interface.  The  results  differ  significantly  from  the 
response  predicted  from  a  smooth  fiber-matrix  inter¬ 
face  with  sliding  governed  by  a  Coulomb  friction  law; 
the  observed  behavior  could  result  from  such  an 
interface  only  if  ihe  ani.sotropy  m  the  elastic  misfit 
strain  between  the  fiber  and  matrix  is  unreasonably 
large  (more  than  a  factor  of  10).  so  that  changes  in 
normal  stress  due  to  Poisson's  contraction  along  the 
region  of  sliding  are  small  compared  with  the  initial 
residual  stress. 

Recent  expc.'’ments  by  Jero  and  Kerans  [16]  and 
Fuller  tV  ul.  [27.  28]  have  demonstrated  an  important 
effect  of  interface  morphology  on  the  constrained 
sliding  of  fibers  in  glass  matrix  composites  in  which 
residual  compressive  stresses  existed  normal  to  the 
interface  Fibers  were  pushed  and  pulled  out  of  thin 
slices  of  composite  (i.e  complete  sliding)  while  the 
loads  required  to  move  the  fibers  were  measured 
When  the  direction  of  sliding  was  reversed,  sigmhcam 
load  drops  were  observed  as  the  fibers  returned  tv^ 
their  I'l  igiiuil  positions,  whereas  ihe  load  increased 
the  fibers  moved  past  the.se  positions.  The  dist.ii..e 
over  which  the  sliding  load  was  reduced  was  .ipproxi- 
niately  10  pm.  similar  to  the  period  of  surface  rough¬ 
ness  on  the  fibers,  and  similar  also  to  the  range  of 
displ.ieeincnls  in  Fig  .5.  These  results  suggest  that 
sliding  of  surtaee  irregularities  iner  each  other  causes 
incre.ised  sliding  resislanee. 


.A  constant  sliding  resistance  along  the  debonded 
interface,  as  indicated  by  the  results  in  Fig  5.  could 
be  consistent  with  a  Coulomb  fnction  law  governing 
local  interfacial  sliding  if  the  effect  of  Poisson's 
contraction  is  exactly  cancelled  by  the  increased 
sliding  resistance  due  to  surface  roughness.  The  sur¬ 
face  roughness  causes  an  increased  radial  misfit  strain 
between  the  fibers  and  matrix  as  illustrated  in  Fig.  14. 
which  lends  to  oppose  the  decrease  in  misfii  strain 
due  to  Poisson  s  contraction  The  misfit  due  to 
surl'ace  roughness  increases  continuously  with  the 
magnitude  of  the  local  relative  sliding  displacement  of 
the  fiber  and  matnx.  as  long  as  the  sliding  displace¬ 
ment  IS  smaller  than  the  period  of  the  roughness  At 
a  given  applied  load,  the  local  sliding  displacements 
are  maximum  near  the  surface  of  the  test  specimen 
(equal  to  the  measured  displacement)  and  decrease  to 
zero  at  the  end  of  the  sliding  region  The  Poisson  s 
contraction,  which  is  proportional  to  the  change  in 
axial  strain  in  the  fiber,  decreases  similarly  over  the 
sliding  region.  Therel'ore  there  is  a  tendency  for  the 
roughness  and  Poisson  s  effects  to  cancel  locally  over 
the  entire  sliding  region,  if  the  displacements  are 
smaller  than  the  period  of  the  roughness.  This  con¬ 
dition  IS  satisfied  (dr  all  of  the  data  in  Fig.  5.  since  at 
the  peak  load  ICON)  the  measured  displacement  is 
'  10 /<m.  which  IS  similar  to  the  period  of  the  surface 
roughness  on  the  fiber  iFigs  7  and  10)  .At  this  peak 
applied  load,  the  difference  in  axial  strains  in  the  fiber 
at  the  surface  of  the  matrix  and  in  the  bulk  of  the 
composite  is  ^0.01.  which  leads  to  a  radial  contrac¬ 
tion  of  '0  2  nm.  This  is  similar  lo  the  amplilude  of 
the  roughness  of  the  fiber 

(1.  l  ONt  I  I  SIGNS 

Measurements  ot' single  fiber  sliding  in  a  Ti.Al  SiC 
cvvmposite  have  been  obtained  with  sufficient  accu¬ 
racy  to  permit  det.iilcd  comparison  wiih  the  predic- 
tu’iis  vif  several  micromcclianical  models,  and  thereby 
allow  measuremeni  ol'  interfacial  properties  The 
results  ditfer  signific.intly  from  the  response  expected 
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of  a  smooth  interface  governed  by  a  Coulomb  friction 
law.  instead  the  interfacial  sliding  resistance  is  con¬ 
stant  along  the  debonded  region  of  interface  (shear 
stress  of  66  MPa).  These  results  and  other  obser¬ 
vations  in  the  literature  lead  us  to  suggest  that  the 
combination  of  surface  roughness  and  the  con¬ 
strained  geometry  of  the  sliding  test  tend  to  cancel  the 
effect  of  Poisson’s  contraction  when  fibers  are  loaded 
in  tension. 

When  sliding  displacements  were  small  ( <  10  nm, 
corresponding  to  partial  debonding  and  sliding)  the 
sliding  resistance  remained  constant  during  both 
monotonic  and  cyclic  loading.  However,  substantial 
degradation  of  the  sliding  resistance  was  observed 
when  the  sliding  displacements  were  large,  corre¬ 
sponding  to  pullout  with  complete  debonding  and 
sliding. 
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Abatract — The  use  of  a  recent  analysis  of  fiber  debonding  and  sliding  in  brittle  matrix  composites 
to  interpret  the  results  of  fiber  pulling  and  pushing  experiments  is  examined.  The  stress-displacement 
relations  are  expressed  in  normalized  forms  that  are  convenient  for  curve  fitting  to  experimental 
measurements  and  (he  analysis  is  extended  to  provide  siress-displacemeni  relations  for  cyclic  loading  in 
addition  to  monotonic  loading  The  ranges  of  some  of  the  important  elastic  parameters  and  their  influence 
on  the  stress-displacement  relations  are  examined.  Differences  between  single  and  multiple  fiber  pulling 
and  between  pushing  and  pulling  experiments  arc  assessed. 

Rtenrit— On  examine  I'usage  d'une  analyse  r6cenie  de  la  d4cohesion  el  du  glissement  des  fibres  dans  des 
composites  a  matrice  fragile  afin  d'interpreter  les  rfisultats  d’expfirienccs  de  traction-compression  sur  les 
fibres.  Les  relations  contrainte-d6placement  sont  exptimies  sous  des  formes  notmalisees  qui  conviennent 
pour  faire  coincider  les  courbes  el  les  mesures  experimentales,  el  cette  arulyse  est  etendue  pour  obtenir 
des  relations  contrainte-deplacement  dans  le  cas  d'une  charge  cyclique  ajoutee  a  la  charge  monotone.  On 
itude  le  domaine  de  variation  de  quelques  parametres  6lastiques  importants,  et  leur  influence  sur  les 
relations  contrainte-deplacement.  On  met  en  Evidence  des  diflirences  entre  les  experiences  de  traction  sur 
une  ou  plusieurs  fibres,  et  entre  les  experiences  de  compression  et  de  traction. 


Zizufflineafasaiing — Es  wird  untersucht,  inwieweit  eine  kurzlich  entwickelte  Analyse  der  Ablosung  und  des 
Gleitens  von  Fasem  in  VerbundwerkstolTen  mit  tprdder  Matrix  auf  Ergebnisse  von  Experimenten 
des  Faserausziehens  und  -einstofiens  angewendet  werden  kann.  Die  Spannungs-Dehnungsb^ehungen 
werden  in  normalisierter  Form  dargestellt,  weil  diese  gunstig  fur  die  Kurvenanpassung  der  expenmentellen 
Messungen  sind.  Die  Analyse  wird  erweitert,  urn  zusfitzlich  zu  den  Spannungs-Dehnungsbeziehungen  fiir 
monotone  Belastung  solche  fiir  zyklische  Belastung  zu  erhalten.  Der  Bereich  einiger  wichtiger  elastischer 
Parameter  und  deren  EinfluO  auf  die  Spannungs-Debnungsbeziehungen  werden  untersucht  Die  Unter- 
schiede  zwischen  Einzelfaser-  und  Vielfashfaseiausziehen  und  zwischen  Zug-  und  Druckexperimenten 
werden  behandelt. 


I.  INTRODUCTION 

Techniques  based  on  the  pushing  and  pulling  of  fibers 
have  been  developed  recently  for  measuring  mechan¬ 
ical  properties  of  interfaces  in  ceramic  and  inter- 
metallic  matrix  composites  [1-18].  A  wide  variety  of 
specimen  and  loading  configurations  have  been  used, 
including  single  or  multiple  fibers  and  very  thick  or 
thin  specimens.  The  most  sensitive  of  these  exper¬ 
iments  provide  continuous  measurements  of  the 
applied  force  and  the  relative  sliding  displacements 
of  the  fiber  and  matrix,  as  debonding  and  sliding 
progress  stably  along  the  fiber  [2-7],  Calculation 
of  interfacial  properties,  such  as  debond  energy 
and  frictional  sliding  resistance,  from  these  measure¬ 
ments  relies  on  curve  fitting  with  theoretical  predic¬ 
tions  derived  from  micromechanics  modeling  of  the 
debonding  and  sliding  process. 

Most  analyses  of  fiber  sliding  have  been  based  on 
shear-lag  models  with  various  degrees  of  approxi¬ 
mation.  The  simplest  models  assume  that  sliding 
along  a  debonded  interface  is  resisted  by  a  constant 
shear  stress  i,  an  approximation  that  turns  out  to  be 


remarkably  good  for  many  experiments  |2-7].  This 
model  has  also  been  extended  to  account  for  the 
effects  of  Mode  II  fracture  energy  associated  with  the 
tip  of  the  debond  crack  and  axial  residual  stress  in  the 
fiber  [6].  Other  models  have  been  suggested  based  on 
a  Coulomb  friction  law  governing  the  sliding  resist¬ 
ance,  but  not  accounting  for  the  influence  of  axial 
residual  stress  in  the  fibers  (which  we  shall  show  later 
has  a  dominant  effect  on  the  response)  (19,  20].  Three 
recent  analyses  have  accounted  for  both  axial  and 
radial  residual  stresses  with  a  Coulomb  friction  law, 
one  by  Hutchinson  ad  Jensen  [21]  for  mechanically 
loaded  fibers,  another  by  Cox  [22]  for  thermally 
loaded  fibers  (i.e.  sliding  that  occurs  near  a  free 
surface  during  thermal  cycling,  as  a  result  of  a 
mismatch  in  thermal  expansion  coefficients  of  the 
fibers  and  matrix)  and  the  third  by  Kerans  and 
Parthasarathy  [23]  for  the  special  case  of  a  single 
isotropic,  mechanically  loaded  fiber  in  an  infinite 
matrix. 

Exact  numerical  results,  based  on  a  full  elasticity 
solution  for  the  matrix,  have  been  obtained  recently 
by  Freund  [24]  for  the  problem  of  complete  sliding  of 
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u  finite,  unbonded  liber  along  a  cylindrical  hole  in  an 
inliniie  mairi)(.  Oireci  comparison  of  stress  distri¬ 
butions  in  the  fiber  with  those  of  the  Lame  solution 
used  by  Hutchinson  and  Jensen  (21]  indicated 
good  agreement  over  a  wide  range  of  relative  elastic 
stiffness  values.  Numerical  solutions  and  approxi¬ 
mate  analytical  results  have  also  been  given  by  SigI 
and  Evans  [25]  for  partial  debonding  and  sliding. 
Another  analytical  approach,  which  is  approximate 
and  which  also  requires  numerical  solutions  to 
obtain  slip  lengths  and  displacements,  has  been  used 
by  McCartney  (26]  to  analyze  a  variety  of  fiber  slid¬ 
ing  problems.  However,  for  comparison  with  fiber 
sliding  experiments,  the  explicit  analytical  results  of 
Hutchinson  and  Jensen  (21]  are  especially  convenient, 
as  well  as  being  more  general  than  most  prior  work 
in  the  treatment  of  boundary  conditions,  debonding, 
and  anisotropy. 

The  purpo.se  of  this  paper  is  to  examine  the  use  of 
Hutchinson  and  Jensen's  analysis  to  deduce  inter- 
facial  properties  from  experimental  measurements  of 
fiber  sliding.  Their  analysis  provides  explicit  relations 
for  the  relative  sliding  displacements  as  a  function  of 
monotonically  increasing  applied  load.  The  model 
will  be  extended  to  provide  similar  relations  for 
displacements  during  an  unload^eload  cycle.  Such 
measurements  provide  valuable  additonal  infor¬ 
mation  for  deducing  interfacial  properties,  since  the 
displacements  are  independent  of  the  debond  energy 
and  the  initial  axial  residual  stress  in  the  fibers. 

Although  the  analysis  of  Hutchinson  and  Jensen 
provides  concise  and  convenient  expressions  for 
stresses,  strains,  and  debond  energies,  the  displace¬ 
ment  equations  contain  a  large  number  of  parameters 
which  characterize  the  elastic  properties  of  the  fibers 
and  matrix,  residual  misfit  strains,  anisotropy  of  the 
fibers,  volume  fraction  of  fibers,  friction  coefficient 
(or.  in  the  case  of  constant  sliding  resistance,  a 
frictional  stress)  and  interfacial  debond  energy. 
The  equations  will  be  expressed  in  a  normalized  form 
that  reduces  the  number  of  explicit  parameters  to 
three,  in  aildition  to  load  and  displacement.  One 
of  these  parameters  is  a  combination  of  clastic 
constants;  another,  Sr„,  characterizes  the  initial 
residual  stresses;  and  the  third  parameter,  T,  charac¬ 
terizes  the  Mode  II  debond  energy  at  the  crack  tip 
(S„„  and  r  are  also  dependent  on  elastic  constants). 
The  influence  of  each  of  these  parameters  on  the 
load-displacement  curves  will  be  examined.  The 
ranges  of  some  of  the  important  elastic  parameters  in 
typical  composites  will  be  explored,  and  differences 
between  single  fiber  and  multiple  fiber  pulling  will  be 
assessed. 

tFor  a  transversely  isotropic  material  loaded  in  the  axial  or 
transverse  directions  there  are  three  Poisson's  ratios.  v„. 
i  „  .md  i„.  where  r ,  refers  to  strain  in  direction  i  due  to 
siress  in  direction  /  However,  since  v,,  and  i,,  are  related 
*’>  ’  '■-/  ^  l  only  Iwo  of  the  Poisson's  ratios,  v„  s  v, 

and  v,,  =  v,,  in  addition  to  the  Young's  moduli  Ef  and 
E,.  are  needed  to  specify  the  elastic  response 


X  REVIEW  OF  MODEL  OF 
HUTCHINSON  AND  JENSEN 

The  concentric  cylinder  model  depicted  in  Fig.  1(a) 
is  taken  to  represent  a  composite  reinforced  with 
a  volume  fraction  /  =  Rf'R  of  aligned  continuous 
fibers.  The  analysis  is  restricted  to  composites  with 
a  residual  compressive  stress  acting  across  the 
fiber-matrix  interface,  as  is  usually  the  case  with 
intermetallic  matrix  composites  and  sometimes  the 
case  with  ceramic  matrix  composites.  Pulling  (or 
pushing)  on  the  fiber  at  the  end  of  the  cylinder  (which 
corresponds  to  a  sectioned  surface  or  a  crack  surface 
of  the  composite)  causes  a  debond  crack  to  giuw 
along  the  fiber-matrix  interface.  The  length  of  the 
debond  is  dictated  by  a  Mode  II  fracture  energy. 
C(.,  at  the  crack  tip  and  frictional  sliding  ever  the 
debonded  surfaces.  Two  types  of  sliding  resistance 
will  be  considered;  (I)  a  constant  frictional  stress, 
to.  between  the  fibers  and  matrix  over  all  regions 
where  sliding  occurs,  and  (2)  Coulomb  friction, 
with  the  frictional  stress  being  proportional  to  the 
normal  stress,  u,,  (which  is  negative)  across  the 
sliding  interface 

t  =  /io,  (1) 

where  the  friction  coefficient,  p.  is  taken  as  constant. 

The  frictional  sliding  causes  relative  displacements 
of  the  fiber  and  matrix  at  the  end  of  the  cylinder 
(c  =  /).  These  displacements  are  measured  in 
push/pull  experiments  and  are  related  to  the  opening 
displacements  of  a  bridged  crack  in  the  composite. 
The  displacements  are  given  by  integrals  of  the  axial 
strains  in  the  fiber  and  matrix.  The  analysis  of 
Hutchinson  and  Jensen  (21)  provides  solutions  for  the 
axial  strains  in  terms  of  frictional  properties,  debond 
energy  and  other  relevant  parameters.  Most  of  the 
discussion  here  will  refer  explicitly  to  fiber  pulling, 
although  the  analysis  applies  also  to  pushing,  and 
specific  relations  for  pushing  will  be  presented  in 
Section  6. 

The  notation  of  Hutchinson  and  Jensen  [21]  will  be 
used  as  far  as  possible,  although  some  new  normaliz¬ 
ing  parameters  will  be  defined  in  later  sections.  The 
matrix  is  taken  as  elastic  and  isotropic,  with  Young's 
modulus  £„  and  Poisson’s  ratio  v„ .  The  fiber  is  taken 
to  be  transversely  isotropic,  with  Young's  moduli 
E,  and  £,.  in  the  axial  and  transverse  directions, 
and  Poisson’s  ratios  v,  and  v,  governing  transverse 
Poisson's  strains  due  to  axial  and  transverse  loading 
respectively. t  The  properties  v,  and  E,  enter  the 
analysis  via  the  parameter  C,  s  (1  -  v, )£,/£,.  Here 
we  define  (J,  =  {,/(l  —  v,),  so  that  for  isotropic  fibers 
s,  =  I.  To  maintain  analytical  tractability,  the  analy¬ 
sis  of  unload/reload  cycles  will  be  restricted  to  cases 
with  either  v,  =  or  /  =  0.  The  elastic  misfit  strains 
between  the  fiber  and  matrix  are  and  <J  in  the 
radial  and  axial  directions,  characterized  in  Ref.  (21] 
by  t'  =  (J  and  /.  As  discussed  in  Ref  [21], 

the  misfit  could  arise  from  mismatch  of  thermal 


54 


MARSHALL  ANALYSIS  OI  SLIDING  IN  BRITTLE  MATRIX  COMPOSITES 


4LV 
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Fig.  I.  (a)  Composiie  cylinder  model  used  for  analysis  (b)  Axial  stresses  in  fiber  during  initial  loading 


expansion  coefficients,  or  from  irregularities  of  the 
fiber  surface.  For  the  former,  and  a  are  constant 
under  isothermal  conditions,  whereas  the  misfit 
due  to  nonuniformity  would  be  dependent  upion  the 
amount  of  sliding,  and  thus  the  applied  load  and 
position  along  the  fiber.  Preliminary  analyses  of 
misfit  strains  due  to  nonuniformity  have  been  done 
recently  by  several  authors  [23,  27]  and  could  possibly 
Ne  incorporated  in  the  present  analysis.  However,  this 
1  not  attempted  here.  If  the  residual  stresses  cause 
yielding  of  the  matrix  during  cooling  from  the  fabri¬ 
cation  temperature,  both  < and  a  may  differ  from 
values  calculated  for  a  purely  clastic  response  during 
cooling 

Stresses  and  strains  in  any  section  transverse  to 
the  ’  axis  were  evaluated  on  the  basis  of  the  Lame 
solution,  an  approximation  that  ts  valid  if  the  axial 
stresses  vary  slowly  over  distances  comparable  to  the 
fiber  radius  This  condition  is  sati.sfied  if  r  is  small 
compared  with  the  axial  stress  in  the  fiber,  a,.  Two 
types  of  boundary  conditions  on  the  outer  cylindrical 


surface  were  conside'--  c  ,  _ .  I  has  zero  normal 
and  shear  tractions,  v.  'ype  11  also  has  zero 

shear  tractions,  but  has  radial  displacement,  u,.  con¬ 
strained  to  be  the  same  as  its  value  far  ahead  of  the 
debond  crack.  Type  1  conditions  are  appropriate  for 
single  fiber  pulling  or  pushing  experiments  and  in 
general  at  positions  well  ahead  of  the  debond  crack. 
Type  II  conditions  are  appropriate  over  the  debonded 
region  of  a  composite  in  which  all  fibers  are  pulled 
equally  (such  as  bridging  fibers  within  a  crack), 
provided  the  slip  length  is  small  compared  with  the 
specimen  width.  Type  II  conditions  were  also  used 
by  Cox  (22)  in  analyzing  sliding  of  fibers  near  a  free 
surface  during  thermal  cycling,  whereas  earlier  analy¬ 
ses  used  only  Type  I  boundary  conditions  Wc  will 
see  later  that  large  differences  in  load  displacement 
relations  can  result  from  these  different  boundary 
conditions. 

The  axial  stresses,  n,.  in  the  fiber  during  initial 
loading  are  shown  schematically  in  Ftg.  Ub)  Well 
ahead  of  the  debonded  region  the  stresses  and  strains 
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are  constant  and  given  by  the  Lami  problem  with 
T ype  I  boundary  conditions,  as  well  as  the  conditions 
that  the  axial  strains  t,  and  in  the  fiber  and  matrix 
be  equal  and  the  normal  stresses  and  displacements 
at  the  fiber-matrix  interface  be  continuous.  With 
the  superscript  (  +  )  denoting  positions  well  ahead 
of  the  debond,  the  subscript  r  denoting  radial 
stresses,  strains  and  displacements  at  the  interface, 
and  the  subscripts  f  and  m  denoting  axial  quantities 
in  the  fiber  and  matrix,  the  stresses  and  strainst  are 
given  by 


=  a, fa,- ajE^t'^ 

(2a) 

=aJe^-a^E„€^ 

(2b) 

£f*  =t*=aJaJE„  +  a^^^ 

(2c) 

where  the  a's  are  nondimensional  functions  of  /, 
£f/£„,  Vf,  Vf/v„,  and  i,  given  in  Ref.  (21),  and  <r, 
is  the  axial  stress  in  the  loaded  end  of  the  fiber  (for 
convenience  in  later  analysis  of  single  fiber  loading, 
corresponding  to  f  =  0,  this  definition  of  loading 
parameter  differs  slightly  from  that  in  Ref.  (2 1  ],  where 
the  average  stress  a  =  /cr.  is  used).  Behind  the  debond 
crack  tip  the  changes  in  stresses  and  strains  relative  to 
their  values  far  ahead  of  the  crack  (i.e.  Air,  =  a,-af* , 
A<,  =  f, -ff*,  etc.)  are  given  by  the  Lame  problem 
without  mismatch  strain  and,  since  there  is  relative 
sliding,  with  At,  ^A<„.  With  continuity  of  A<r,  and 
Au,  across  the  interface,  and  the  equilibrium  require¬ 
ment  /Afff  -t-  (1  -/)  A<r„  =  0,  the  stresses  and  strains 
may  be  written  as 


(3a) 

Ao,  =  A,  Aff, 

(3b) 

A£f  =  bj^c,IE^ 

(3c) 

A£„=  -b,JiarlE„ 

(3d) 

where  the  h’s  are  another  set  of  nondimensional 
functions  of  the  same  parameters  as  the  o’s  (with 
the  exception  of  x)  given  in  Ref.  [21].  There  are  two 
sets  of  b's  corresponding  to  Type  I  and  Type  II 
boundary  conditions. 

There  is  a  jump  in  the  fiber  stress  from  just  behind 
to  well  ahead  of  the  debond  crack  tip,  which  is 
dependent  upon  the  Mode  11  fracture  energy,  G^- 
This  relation  is  given  approximately  by  [21] 


V  sa,  -a; 


(I  -/)/£„C,Y^ 


(4) 


where 


c,=(l -/a,)(*2  +  6i)' W)  (5a) 

c,  =  (l -/)/(! -/o,)  (5b) 


and  the  superscript  (-)  denotes  quantities  just 
behind  the  crack  tip.  Comparison  with  full  numer- 


♦Strains  in  both  the  fibers,  .  and  matrix,  r  *  are  measured 
relative  to  the  unstressed  state  of  the  matrix. 


ical  solutions  in  Ref  (21)  shows  that  equation  (4)  is 
a  good  approximation  if  the  sliding  distance  exceeds 
2  3  times  the  fiber  radius.  The  error  is  shown  to 
be  ,  and  thus  becomes  less  significant  as  the 

applied  load  increases. 

The  axial  stresses  in  the  fiber  over  the  debonded 
region  are  governed  by  the  equilibrium  condition 


do,  -  2r 


(6) 


and  the  boundary  conditions  at  z  —  0  and  /.  For 
constant  frictional  stress,  a,  increases  linearly  as 
shown  in  Fig.  1(b),  whereas  for  Coulomb  friction 
the  increase  is  nonlinear.  The  curvature  is  deter¬ 
mined  by  the  parameter  A,  in  equation  (3).  which 
relates  changes  in  normal  interfacial  stress  to 
changes  in  axial  stress.  Hutchinson  and  Jensen 
[21]  pointed  out  that  A,  can  be  either  positive  or 
negative.  For  Type  I  boundary  conditions  A,  is  always 
positive,  so  that  the  compressive  interfacial  stress 
decreases  in  magnitude  as  it,  increases,  corresponding 
to  the  commonly  perceived  effect  of  Poisson's  con¬ 
traction,  and  leading  to  the  curvature  shown  in 
Fig.  1(b).  However,  for  Type  II  boundary  conditions. 
A,  can  be  negative  for  certain  combinations  of  elastic 
properties.  Physically  this  difference  arises  because 
under  Type  I  conditions  the  relaxation  of  axial 
tension  in  the  matrix  during  sliding  causes  transverse 
expansion  of  the  outer  boundary  of  the  cylinder,  so 
that  in  order  to  impose  Type  11  conditions  with  u,  =  0 
at  the  outer  boundary,  compressive  normal  tractions 
must  be  applied  to  the  outer  boundary.  If  the  stress 
at  the  fiber-matrix  interface  due  to  the  tractions 
exceeds  the  reduction  in  stress  due  to  Poisson's 
contraction  of  the  fiber,  then  A,  is  negative.  In  this 
case  the  curvature  of  the  relation  a,(z)  is  opposite  to 
that  shown  in  Fig.  1(b)  (i.e.  increasing  slope  with 
increasing  z). 

To  illustrate  the  range  of  composite  properties 
for  which  A,  is  negative  under  Type  11  boundary 
conditions,  the  expression  given  by  Hutchinson 
and  Jensen  [21]  is  plotted  in  Fig.  2  as  a  function 
of  EflE^  for  selected  values  of  the  other  parameters 
{/.  '’f.  »'ii,/''r.  and  fri  "o*®  Ihai  *i  **  independent  of 
A).  It  is  clear  that  large  values  of  /,  E,/E„.  v,, 
and  v„/Vf  tend  to  make  A,  negative.  Moreover,  for 
most  composites  of  practical  interest.  A,  is  in  fact 
negative. 

Two  displacements  are  of  interest  in  the  following 
sections.  The  relative  displacement  of  the  fiber  and 
matrix  at  z  =  /  (which  corresponds  to  the  measure¬ 
ments  obtained  in  fiber  pulling/pushing  experiments) 
is  given  by 

A  =[(£,-£„) dz  [  AOfdz  (7) 

Jo  Jo 

and  is,  therefore,  proportional  to  the  shaded  area  in 
Fig.  1(b).  The  displacement  that  is  used  as  the  crack 
opening  in  continuum  models  of  crack  bridging  is  the 


56 


MARSHALL  ANALYSIS  OF  SLIDING  IN  BRITTLE  MATRIX  COMPOSITES 


431 


additional  fiber  displacement  due  directly  to  debond¬ 
ing  and  sliding  [28-30]  given  by 

A  =  j'(t,-<,*)d2  J  Afffdi  .  (8a) 

Therefore,  the  displacements  &  and  A  are  related 
simply  by 

Equation  (8b)  relates  the  displacements  measured 
in  a  multiple  fiber  pulling  experiment  directly  to 
the  crack  opening  in  bridging  models  for  given  fiber 
stress,  a,.  However,  the  relation  is  less  direct  for 
single  fiber  pulling  experiments,  because  in  that  case 
&  is  evaluated  using  Type  1  boundary  conditions 
whereas  6  for  the  multiple  fiber  pulling  (and  crack 
opening)  is  evaluated  with  Type  II  boundary  con¬ 
ditions  over  the  debonded  region. 

3,  DISPLACEMENTS  DURING  FIBER  PULLING: 

COULOMB  FRICTION 

In  this  section  the  relative  displacements,  S,  of  the 
fiber  and  matrix  at  z  =  /  are  evaluated  as  the  stress  n. 
applied  to  the  end  of  the  fiber  is  increased  continu¬ 
ously  from  zero  to  a  peak  value  Op  (initial  loading), 
decreased  to  zero,  and  then  increased  again  to 
ffp.  During  initial  loading,  debonding  and  sliding 
progress  stably  along  the  fiber/matrix  interface, 
whereas  during  unloading  reverse  sliding  occurs.  The 
unload/reload  cycle  exhibits  hysteresis  due  to  the 
frictional  response  of  the  interface.  The  fiber  strength 
is  assumed  to  be  larger  than  Op  so  that  failure  of  the 
fiber  does  not  occur.  The  peak  stress  is  also  restricted 
to  be  smaller  than  the  limiting  value  at  which  the 
normal  interfacial  stress  decreases  to  zero;  at  this 
limit  the  debond  extends  along  the  entire  fiber,  with 
a  constant  length  zone  of  contact  behind  the  debond 
tip,  as  discussed  by  Hutchinson  and  Jensen  |21}. 

3.1.  Initial  loading 

The  displacement,  d,  during  initial  loading  is 
obtained  by  of  equation  (7),  after  first 

evaluating  the  axial  stresses  in  the  fiber  over  the 
debonded  region  by  integration  of  equation  (6),  with 
T  given  by  equations  (1),  (2b)  and  (3b),  and  the 
boundary  conditions  c,  =  <r,'  at  z  =  0  and  <t,  «  a, 
at  z  =1.  Details  are  given  in  the  Appendix.  The 
displacement  and  the  corresponding  debond  length 
can  be  conveniently  expressed  as  follows,  in  terms  of 
dimensionless  parameters  normalized  by  the  peak 
value  of  the  applied  stress,  Op 

5/5*  -  -  ^ -I-  r'  -  S.  (9) 
and 


where 


(lla) 

(lib) 

•^ao  * 

(1  -Ul/K 

r'- 

=  7  +  «(o 

(lie) 

U-oJK 

Rbj+bjXl  - 
L  2b, 

(lid) 

A  > 

o-^r 

(lie) 

ffao- 

-<rA/(^  -1) 

(Hf) 

dig) 

Thus  equation  (9)  provides  a  relation  between  dis¬ 
placement  S  and  applied  load,  5.,  with  four  other 
parameters  which  characterize  the  frictional  proper¬ 
ties  of  the  interface  (iS*),  the  residual  stresses 
(5|u>),  the  interfacial  debond  energy  (f  ),  and  the 
elastic  properties  and  misfit  strain  anisotropy  of 
the  fiber  and  matrix  (yl).  Equation  (9)  requires 
(1I3/ lb, )  —  0.  This  condition  is  satisfied  for  single  fiber 
pulling  experiments  (i.e.  /  =  0),  or  for  v,  =  v„  (for 
which  Oj^O)  with  Type  I  boundary  conditions 
(for  which  b,  is  always  finite).  However,  for  multiple 
fiber  pulling  with  Type  II  boundary  conditions,  cer¬ 
tain  combinations  of  elastic  properties  give  h,  -  0  (see 
Fig.  2),  for  which  (a,flb,)  is  singular.  This  limit 
results  in  a  constant  frictional  stress  along  the 
debonded  interface  (see  Section  4).  For  values  of  v,/v„ 
close  to  unity,  the  transition  between  very  small 
values  of  (a,  fib, )  and  the  singular  values  occurs  over 
small  ranges  of  the  other  elastic  parameters.  There¬ 
fore  attention  hereunder  will  be  restricted  to  the 
case  (osZ/h,  )%0.  The  full  expression  for  non-zero 
values  of  this  parameter,  given  in  equation  (A7),  is 
equivalent  to  equations  (47)  and  (49)  of  Ref  [21], 
For  the  special  case  /  =  0  with  an  isotropic  fiber 
and  isotropic  misfit  strains,  equation  (9)  is  equi¬ 
valent  to  the  expression  derived  by  Kerans  and 
Parthasarathy  [23]. 

The  dependence  of  the  parameter  ^  on  £f/£„  for 
various  values  of  A,  f,  and  u  is  shown  in  Fig.  3 
for  both  multiple  fiber  pulling  or  pushing  (Type  II 
boundary  conditions)  and  for  single  fiber  experiments 
in  which  one  fiber  is  pulled  or  pushed  from  a 
composite  containing  many  fibers  (in  this  case  /  —  0 
for  evaluation  of  b,,  but  /  ^  0  for  evaluation  of  <12 
and  04).  Since 


I  I 

for  all  reasonable  composite  properties,  positive 
values  of  b,  give  A  >  I  and  negative  values  of  b,  give 
0<y4  <  I. 
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Fig.  2.  Dependence  of  the  parameter  b,  on  properties  of  fiber 
and  matrix,  for  Type  II  boundary  conditions. 

The  other  parameters  may  be  interpreted  physi¬ 
cally  as  follows.  The  stress  is  the  residual  axial 
stress  in  the  fiber  in  the  absence  of  applied  load  and 
debonding,  as  indicated  in  Fig.  1(b).  The  residual 
stress  parameter  a^o,  while  related  to  by  equation 
(Ilf),  can  also  be  written  as  o^g  =  o^lb,,  where  0,0 
is  the  normal  interfacial  stress  when  the  axial 
stress  in  the  fiber  is  zero.  Note  that,  since  must  be 
negative,  is  positive  for  b,  <0  and  negative  for 
b,  >  0.  The  axial  and  radial  residual  stresses  could 
be  treated  as  independent  parameters,  their  relative 


values  being  defined  by  the  mismatch  strain  an¬ 
isotropy.  A,  through  its  influence  on  the  parameter 
A.  Then  the  dimensionless  parameter  5|u)  represents 
the  radial  residual  stress  and  5f„  =  (/<  -  l)5„ 
represents  the  axial  residual  stress.  The  parameter 
f  relates  directly  to  the  applied  stress  required  for 
initiation  of  debonding.  To  cause  debonding,  the 
applied  stress  must  exceed  the  axial  stress  ahead 
of  the  debond,  plus  the  stress  jump  at  the  debond 
tip.  i.e.  a,  >  -t-  y.  or  with,  equations  (2a)  and 

(11c),  0,(1  —aj')>r  Therefore,  the  condition  for 
debonding  becomes  5,  =  T'. 

Spontaneous  debonding  and  sliding  (i.e.  at 
o, »  0)  can  occur  during  formation  of  the  free  sur¬ 
face  at  j  =  /  if  r'  <  0.  For  the  modeling  of  bridged 
cracks,  the  displacement  due  to  this  spontaneous 
debonding  becomes  part  of  the  crack  opening 
displacement  and  equation  (9)  is  not  affected. 
However,  in  fiber  pulling  and  pushing  experiments, 
the  displacements  are  measured  relative  to  the 
spontaneously  debonded  condition,  whereupon  the 
displacement  is  reduced  by  an  amount  5(0)  given 
by  equation  (9)  at  o, »  0.  Therefore  the  measured 


Fig.  3.  Dependence  of  the  parameter  A  on  properties  of  fiber 
and  matnx.  Multiple  fiber  pulling  or  pushing  corresponds  to 
Type  II  boundary  conditions  on  outer  surface  of  cylinder 
Single  fiber  results  correspond  to  one  fiber  being  pulled  or 
pushed  from  a  composite. 
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4n 


displuccmcnl  is 


8  -  5(0) 

8* 


(r'<0).  (12) 


In  this  case  there  is  no  effect  of  the  debond  energy 
on  the  stress-displacement  measurements,  con¬ 
versely,  under  this  condition  such  measurements 
cannot  be  used  to  evaluate  G^,  although  they  do 
provide  an  upper  bound  for  the  debond  energy, 
defined  by  the  condition  T'  <0,  i  e.  >■  <  lorol- 
The  range  of  applied  loads  for  which  the  preceding 
relations  hold  is  limited  by  the  requirement  that 
the  normal  interfacial  stress  be  compressive.  This 
condition  is  violated  for  tensile  applied  loads 
above  a  critical  value  when  f>,  is  positive,  and  for 
compressive  loads  above  critical  value  for  negative 
values  of  h, .  At  these  critical  loads  the  debond 
extends  along  the  entire  length  of  the  fiber  with 
a  constant  limited  zone  of  contact  behind  the 
debond  tip  [21,26].  Equation  (9)  approaches  this 
limit  asymptotically  at  S,  =  S^„.  For  a  given  peak 
load,  the  interfacial  stress  is  smallest  at  :  =1.  and 
can  be  written 


e„  =  <.,<rp(l -<i,/)(l -Sro)  (13) 


If  the  product  (6,  Op )  is  positive  (i.e.  fiber  pulling  with 
f)i  >  0  or  fiber  pushing  with  b.  <  0),  •^RO  is  positive 
(S»o  can  be  written  as  Sro=  -ffrti/((l  - 
Therefore,  is  compressive  only  for  Sri)>  1.  For 
negative  values  of  (6|(7p).  Sro  is  negative  and  cr„  is 
always  compressive. 

For  the  purpose  of  curve  fitting  to  experimental 
push/pull  experiments,  and  for  comparison  with  un¬ 
load/reload  cycles,  it  is  convenient  to  refer  the  dis¬ 
placements  to  the  peak  load  displacement,  5p.  given 
by  equation  (9)  at  a,  =  Op  (i.e.  5,  =  I) 


-  ^  -fRo  In 


+  S.-1 


(14) 


In  this  form  a  single  curve  can  be  plotted,  as 
shown  in  Fig.  4,  for  all  values  of  F'  and  given  A. 
5*0  and  8*.  with  F'  simply  affecting  the  position  of 
the  displacement  origin,  corresponding  to  debond 
initiation  at  S,  =  F'.  Moreover,  with  F'  evaluated 
from  the  intercept  at  8  =  0.  -^RO  can  be  deter¬ 
mined  from  a  single-parameter  curve  fit  to  the 
measured  stresses  and  displacements,  normalized 
to  their  maximum  values,  provided  the  va’je  of 
A  is  known  independently.  An  example  of  a  set 
of  curves  for  f  '^O  and  A  =  1.14  (corresponding 
to  the  properties  of  a  TijAI/SiC  composite  studied 
in  Ref.  [7])  and  various  values  of  Sro  is  shown  in 
Fig.  5. 


F.2,  Unload Ireload  cycle 

The  axial  fiber  stresses  during  unloading,  after 
loading  initially  to  a  peak  load  a^,  are  shown 
schematically  in  Fig.  6(a).  Reverse  sliding  occurs 


Fig  4  Schcmalic  representation  of  stress  displacement 
relation  during  initial  loading,  unloading  and  reloading 


within  a  distance  s  of  the  end  of  the  cylinder  and 
the  recovery  in  displacement  is  given  b> 


6,  -F  6,  f' 

=  —  (Ari.p  -  A(i,)dr  (15) 

J!  1 

where  the  subscript  p  is  used  to  denote  quantities 
evaluated  at  the  maximum  load  of  the  initial  loading 
segment. 

Following  an  analysis  similar  to  that  of  the  initial 
loading  (see  Appendix),  the  displacement  becomes 


(16) 


Equation  (16)  requires  (a-iaifia,)<t\.  This  par¬ 
ameter  is  zero  for  either  v,  =  v„  or  /  =  0.  and  is  very 
small  for  all  other  likely  composite  properties  (see 
Appendix).  Also,  equation  (16)  holds  only  for  s  <  /^. 
If  F'  is  larger  than  a  critical  value  defined  in  Fig  A I 
(approximately  T  ^0.5).  the  reverse  slip  region 
reaches  the  end  of  the  debond  before  unloading  is 
complete  The  displucemenls  under  this  condition 
are  evaluated  in  the  Appendix,  However,  this  compli¬ 
cation  can  be  avoided  in  principle  by  the  choice  of  a 
sufficiently  large  maximum  load  for  the  initial  loading 
cycle. 


0.2  0.4  0.6  0.8 

DISPLACEMENT.  S/6p 


Fig.  S.  Stress -displacement  relation  dunng  initial  loading, 
for  .4  =  1.14  and  various  values  of  residual  stress  parameter 
Sr„.  Coulomb  friction  model 
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The  axial  hber  stresses  during  reloading  back  to 
<T,  =  <Tp  are  shown  schematically  in  Fig.  6(b).  The 
displacements  are  given  by 

— ?j  (Aff,  -  Afffoidz  (17) 

where  the  subscript  0  denotes  quantities  evaluated 
at  the  end  of  the  previous  unloading  half  cycle.  The 
displacement,  expressed  relative  to  the  peak  load 
displacement,  becomes  (Appendix) 

\  —  S  Sf  — 

6*  *  (5* 


These  relations  between  the  normalized  displace¬ 
ments  and  stresses  during  unloading  and  reloading 
contain  only  one  other  parameter,  Sm,  which,  as 
mentioned  earlier,  characterizes  the  residual  stress 
normal  to  the  interface.  Therefore  the  data  from 
unload-reload  cycles  are  useful  supplements  to  the 
initial  loading  data  for  evaluating  parameters.  The 


Fig.  6.  Axial  stresses  in  fiber  during  (a)  unloading  and  (b) 
reloading,  after  loading  initially  to  a  peak  stress  ffp.  Change 
in  displacement  is  proportional  to  area  of  shad^  region. 
Coulomb  friction  model. 


OISPLACEWENT,  (S^ 

Fig.  7.  Stress-displacement  relation  dunng  an  unload/reioad 
cycle  for  .d  -  1.14  and  various  values  of  residual  stress 
parameter,  5^  Coulomb  frictjon  model. 

unload-reload  curves  are  plotted  in  Fig.  7  for  various 
values  of  ^Ro¬ 
ll  is  useful  to  identify  two  distinct  effects  of  residual 
stresses  on  the  changes  in  axial  fiber  stress  during 
sliding  and  hence  on  the  displacements.  One  enters 
via  the  normal  interfacial  stress,  which  determines  the 
slope  of  A(r,(z)  (Figs  I  and  6).  The  other  is  the  direct 
influence  of  the  residual  axial  stress  in  the  fiber, 
which  adds  a  constant  value  to  d<r,(c)  and  affects 
the  debond  length.  /,  during  initial  sliding.  Dunng 
unloading  and  reloading,  the  changes  in  displacement 
are  determined  exclusively  by  the  first  of  these  effects, 
whereas  the  displacements  during  initial  loading  are 
affected  most  strongly  by  the  influence  of  Conse¬ 
quently,  the  ratio  of  displacements  and  (S,  -  Sg) 
resulting  from  initial  loading  and  complete  unloading 
provides  a  sensitive  measure  of  the  magnitude  of  the 
residual  stress  parameter  Aug,  as  shown  in  Fig.  8. 
Moreover,  the  role  of  the  a.riiz/ component  of  residual 
stress  can  be  seen  from  Fig.  8  by  recognizing  that  the 
curve  for  =  1  corresponds  to  zero  axial  residual 
stress  (02  =  0  in  equation  (2a)  and  equation  (lie)]. 
Since  (S^  —  is  independent  of  A,  the  curves  for 
various  values  of  A  in  Fig.  8  provide  a  direct  compari¬ 
son  of  the  relative  displacements  during  initial  load¬ 
ing  with  and  without  axial  residual  stress.  We  note 
also  that  the  result  of  Gao  ef  al.  (19]  (their  equation 
(2.28)1,  who  analyzed  initial  fiber  sliding  with  Type  I 
boundary  conditions  and  without  axial  residual  stress 


Fig.  8.  Ratio  of  the  displacement  caused  by  initial  loading 
to  stress  Op.  to  the  displacement  (S^  -  <5,)  recovered  during 
complete  unloading.  Coulomb  fnction  model. 
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in  ihc  fiber,  is  equivalent,  with  1,=  or  1=0.  to 
equation  (9)  with  A  =  1 


4.  DISPLACEMENTS  Dl  RING  FIBER  PLLLINC: 

CONSTANT  FRICTION 

With  the  frictional  stress  taken  as  a  constant.  t„, 
the  change  in  axial  fiber  stress,  during 

initial  monotonic  loading  increases  linearly  along 
the  sliding  region  as  shown  in  Fig.  I  The  displace¬ 
ment.  d,  from  equation  (7)  can  be  written  immedi¬ 
ately  (from  inspection  of  the  areas  in  Fig  I,  with 
equation  (6)}  as 

i  [(g.  -a,' )'  -  y^l  (19) 

which  is  equivalent  to  equation  (37)  of  Ref.  [21]. 
Equation  (19)  is  also  obtained  from  the  Coulomb 
friction  result,  equation  (A7),  In  the  limit 
which  corresponds  to  the  normal  inierfacial  stress 
being  independent  of  changes  in  axial  stress.  With  the 
definirions  of  equation  (II),  equation  ()9)  can  be 
written  in  terms  of  the  same  normalized  parameters 
used  for  the  Coulomb  friction  model 

d  A  =  S:  +  2(  A  -  i)5k„5. -r  - 

-2(/l  -  l)S,„r'  (20) 
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The  parameter  S'  is  related  to  the  corresponding 
parameter.  <5*.  that  normalizes  the  displacements  in 
the  Coulomb  friction  model  by 


S' IS*  = 


Mh,{  \  -  a,f)a 


As  in  the  case  of  the  Coulomb  friction  model,  spon¬ 
taneous  debonding  and  sliding  occur  at  a  free  surface 
if  r'  $  0.  Then  the  displacement  measured  in  a  fiber 
pulling  or  pushing  experiment  becomes 


S  -<5(0) 


-.9;  + 2(/l  -  l)5,„5.. 


In  this  case  the  debond  energy  cannot  be  evaluated 
from  the  displacement  measurements.  The  displace¬ 
ment  measured  relative  to  the  peak  load  displace¬ 
ment.  S..  is 


^l^=l+2(A  -  l)5-»o--Si 

o 


z  POSITION 

Fig.  9.  Axial  stresses  in  fiber  during  (a)  unloading  and  (b) 
reloading  after  loading  initially  to  peak  stress  a^.  CThange  in 
displacement  is  proportional  to  area  of  the  shaded  region. 
Constant  frKtion  model 


or,  in  terms  of  the  previously  defined  normalized 
parameters 

^^  =  (1/2)11 -S.r  (26) 

0 

Equations  (25)  and  (26)  are  restricted  to  situations 
where  Op  is  sufficiently  large  that  the  region  of 
reverse  slip  does  not  reach  the  end  of  the  debond 
before  unloading  is  complete,  as  discussed  in  the 
previous  section.  For  the  constant  friction  model  this 
condition  requires  (I  -  0|/)<t„  >  2r,  i.e.  r'<l/2 
The  corresponding  displacement  equations  for 
smaller  values  of  can  be  derived  straightforwardly 
following  the  above  procedure. 

The  displacements  during  reloading  [equations  ( 1 7) 
and  Fig.  9(b))  are  given  by 


-2(/4  -  I)5„5..  (24)  S-<>o~  ^ 


During  unloading  from  a  peak  load  Op.  the 
recovery  in  displacement  is  given  by  equation  (15), 
which  becomes  [see  Fig.  9(a)J 

05) 

L  *  ^0  J 


where  the  displacement  at  the  end  of  the  previous 
unloading  half-cycle.  In  terms  of  the  normalized 
parameters,  equation  (27)  becomes 

^^-^^-5i/2.  (28) 

o  o 


tm  40:3-8 
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DISPLACEMENT,  (&-6pVS' 

Fig.  10.  Stress  displacement  relation  for  constant  friction 
model  during  load  unload/reload  cycle  for  various  values  of 
the  residual  stress  parameter  SfQ  *  Sjo  (.4-1)  Full  curves 
initial  loading  [equation  (24)j  broken  curves  unloading 
[equation  (26)]  and  reloading  [equation  (28)]. 


The  number  of  independent  parameters  in  the  nor¬ 
malized  equations  (20).  (26)  and  (28)  is  one  fewer 
than  in  their  counterparts  for  Coulomb  friction,  since 
A  and  appear  only  in  equation  (20)  in  the 
combination  {A  -  I)Sko.  which  is  just  the  normalized 
axial  residual  stress.  5fo.  These  equations  are  plotted 
in  Fig.  10  for  several  values  of  S,a. 

It  is  instructive  to  compare  the  results  of  this 
section  with  an  approximate  constant  r  analysis  [6). 
used  previously  to  model  single  fiber  pushing  exper¬ 
iments.  In  that  analysis,  elastic  interactions  of  the 
fiber  and  matrix  via  Poisson’s  effects  were  neglected, 
but  effects  of  debonding  and  residual  axial  fiber 
stresses  were  included.  In  the  notation  of  this  paper, 
the  initial  loading  equation  from  Ref  (6|  for  pulling 
a  fiber  with  compressive  residual  axial  stress  (equival¬ 
ent  to  pushing  a  fiber  with  residual  tensile  axial  stress) 
becomes 


S 


[('T.  -  ",;«)•  -  40\£',/Rf) 


(29) 


The  corresponding  result  from  equation  (19)  (with 
/  =  0  for  single  fiber  pulling)  can  be  written 


,  b,R  r,  4£„C,] 

o  =  7— p-  {a,  -  )-  - 


(30) 


where  we  have  used  equations  (4)  and  (S)  to  substitute 
for  and  the  fact  that  f>,  =  0  for  /  =  0.  These  two 
relations  differ  only  by  the  substitution  of  E,  for 
E^jbi.  A  similar  correspondence  is  also  obtained 
for  the  unloading  and  reloading  equations  and 


Fig.  1 1  Variation  of  £■,,(£„  (>,)  at  f  =  0  with  other  matrix 
and  fiber  properties. 


for  residual  stresses  of  opposite  sign  The  ratio 
E,i(E^!bj)  with /  =  0  IS  shown  in  Fig  1 1  for  various 
values  of  E(iE„,  v,  v„,  and  i,  ib,  is  independent  of 
/().  For  values  of  these  parameters  typical  of  ceramic 
and  intermetallic  composites  (£,  £„>  2  with  v,  and 
v„  <  0.3).  this  ratio  differs  from  unity  by  less  than 
5%.  Therefore  the  analysis  of  Ref  [6]  is  a  close 
approximation  to  the  constant  t  analysis  for  single 
fiber  experiments  in  such  materials. 

5.  RELATIONS  BETT4EEN  TRACK  OPENING 
DISPLACEMENTS  AND  SINGLE  AND 
MULTIPLE  FIBER  OISPLACEMriNTS 

Crack  bridging  laws  can  be  deduced  directly 
from  single  fiber  pushing  or  pulling  experiments 
Two  steps  are  involved,  one  is  to  relate  the  crack 
opening  used  in  continuum  bridging  models  to 
the  displacements  measured  in  multiple  fiber  exper¬ 
iments  (equation  (8b)J  and  the  other  is  to  relate 
the  displacements  measured  in  single  and  multiple 
fiber  experiments  by  evaluating  these  displacements 
under  appropriate  boundary  conditions.  For  multiple 
fiber  measurements.  Type  II  boundary  conditions 
are  used  to  evaluate  the  b  parameters  in  equation  (3). 
For  single  fiber  measurements,  several  test  con¬ 
figurations  are  possible.  If  a  single  fiber  within  a 
composite  is  tested,  the  b  parameters  are  evaluated 
using  /  =  0  (for  which  Type  1  and  II  boundary 
conditions  are  the  same),  whereas  the  u  parameters 
of  equation  (2)  are  evaluated  using  the  actual  value 
of  /  for  the  composite.  However,  there  is  some 
uncertainty  in  the  choice  of  matrix  elastic  properties 
for  the  evaluation  of  the  b's  in  this  case,  since  in 
the  near  field  there  is  all  matrix,  whereas  m  the  far 
field  the  average  composite  properties  would  be 
more  appropriate.  Since  strain  gradients  arc  highest 
in  the  near-iicid  region,  the  matrix  properties 
and  v„  are  used  in  the  following  calculations  For  a 
model  test  specimen  comprising  a  single  fiber  in  a 
cylinder  of  matnx,  a  single  value  of  f  would  be  used 
for  evaluation  of  all  parameters,  hut  this  value  may 
differ  from  that  in  a  composite. 

The  displacements  measured  in  single  and  multiple 
fiber  experiments  and  the  crack  opening  displace¬ 
ments  can  differ  substantially  As  an  illustration, 
stress- displacement  relations  are  plotted  in  Fig.  12 
using  the  following  properties  t  pical  of  inter- 
metallic  composites  [7]:  /  =  0.36,  £f  f„  =  5. 1 ,  =  I , 
E,=  E,,  and  v,  =  v,  =  v„,  =  0  3  (other  relev.  ,  par¬ 
ameters  calculated  from  these  properties  a.  listed 
in  Table  1).  The  parameter  depends  on  the 
ratio  of  the  peak  applied  stress,  rr^.  to  the  residual 
axial  stress.  in  the  fibers;  for  this  example, 
the  value  =  3.0  was  chosen,  as  this  corres¬ 

ponds  to  an  experiment  reported  in  Ref  (7|  The 
displacement  scaling  parameters  d*  and  <i'  for 
the  Coulomb  and  constant  friction  models  are 
defined  in  equations  (lid)  and  (21);  the  values 
of  the  terms  in  square  brackets  in  these  equations 


62 


MARSi:  .1  L  ANAL  YSIS  Of  SllOINO  IN  BRIITLf  MAIKIX  LOMPOSllfS 


Fig  12  CompariMin  of  s^res^  displacement  relations  fisr 
crack  bridging  (COD)  and  for  single  and  multiple  fiber 
pulling  experiments  for  a  composite  with  properties  gixcn 
in  Table  I 

are  Itsied  in  Table  I  The  displacements  for  single  and 
multiple  fiber  pulling  are  plotted  in  Fig  12  in  the 
form  for  the  Coulomb  fnction  model 

and  5  (To£„))  for  the  constant  friction  model. 

The  crack  opening  displacements  are  expressed  in 
terms  of  A,  given  for  this  composite  by  A  =  0.Sli5 
[equation  (8b)]  The  curves  for  single  and  multiple 


Tabic  1  Composite  properties  used  for  Fig  12 


Single 
fiber  pull 

Multiple 
fiber  pull 

5  1 

i,  =•  =  V, 

0.3 

/ 

0  36 

1 

*  ('  ..  ) 

1  14 

0  76H 

h,  + 

0  31 

(h.  f  h,l(l  *  a,  n 

2h, 

:  3  .3 

-OK55 

(  •  />,  III  u,  /  I-  4 

0047 

OOM 

3-  ~  ""■'’r 

M  -  IMI  -  u,  n 

:  .36' 

-  6* 

'These  values  correspond  lo  rr^  it,;.  =  ?  0.  corresponding  the  exper- 
imeni  in  Ref  Cl  with  initial  axial  residual  stress  tr,;,  =>  800  MPa 
and  peal  stress  Op  -  2  4  GPa 


fiber  pulling  hsild  Isn  /  <  D.  whereas  the  crack 
opening  displdcement  curses  appl>  onl>  for  0^=0 
fie  r  =  -.Sr, I  For  other  values  of  F  ,  the  curves 
shift  along  the  displacement  axes,  as  discussed  in 
Sections  3  and  4  For  guen  applied  stress,  the  dis¬ 
placements  in  single  fiber  pulling  are  larger  than  in 
multiple  fiber  pulling  Moreover,  the  fraction  of  the 
initial  displacement  that  is  recovered  during  unload¬ 
ing  IS  larger  for  single,  than  for  multiple  fibers 
The  negative  crack  bridging  stresses  at  small 
displacements  in  Fig  12  represent  crack-opening 
pressure,  and  reflect  the  fact  that  compressive  applied 
load  would  be  needed  to  keep  a  matrix  crack  fulls 
closed  m  this  composite  |.31]  (because  of  residual 
tensile  stress  in  the  matrix)  The  displacements  in 
this  region  correspond  to  the  spontaneous  debondtng 
and  sliding  discussed  with  reference  to  fiber  pulling 
expenments  in  Section  3 

6.  displacements  Dl  ring  FIBER 
PISHING  EXPERIMENTS 

The  axial  fiber  stresses  during  imtidi  monotonic 
compressive  loading  arc  shown  schematically  in 
Fig  13(a)  In  this  case,  the  direction  of  sliding  over 
the  debonded  interface  and  the  sign  of  the  stress  jump 


Fig  13  Axial  stresses  in  fibier  during  initial  loading  in  fiber 
pushing  test  (a)  no  spontaneous  debonding,  (b)  with  spon¬ 
taneous  debonding 
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at  the  debond  tip  are  reversed.  With  the  change  in 
sliding  direction,  the  I'riciional  stress,  t.  becomes 
positive,  a  change  which  may  be  accomplished  by 
delining  the  fnction  coefficient,  p,  in  equation  (1)  to 
be  negative.  The  change  in  sign  of  the  stress  jump 
causes  y  to  become  negative,  and  equation  (4)  to  be 
redefined  as 


V  s  a,  -  rr; 


-(I  -/)/E„G,Y 

./■‘V,  V  «  ; 


(31) 


The  equations  of  Sections  3  and  4  are  unaltered 
provided  spontaneous  debonding  does  not  occur, 
although  tr,  is  negative,  leading  to  changes  in  sign 
of  many  of  the  other  parameters,  and  negative  dis¬ 
placements.  In  addition,  with  the  sign  change  in  the 
relation  between  y  and  the  debond  energy,  G^,  the 
parameters  f  and  T',  which  are  dependent  on  y,  take 
different  values  in  fiber  pushing  experiments;  in 
pulling  experiments,  T  is  equal  to  the  difference 
between  the  magnitudes  of  y  and  the  residual  axial 
fiber  stress,  Ofo,  [equation  (lie)],  whereas  in  pushing 
experiments,  T  is  negative,  with  magnitude  equal  to 
the  sum  of  the  magnitudes  of  y  and  <t,;. 

If  spontaneous  debonding  occurs,  the  axial  fiber 
Stresses  during  initial  loading  are  altered  as  shown  in 
Fig  1.3(b).  For  applied  loads  larger  in  magnitude 
than  (T|  in  Fig.  13(b),  the  changes  in  displacement  are 
still  given  by  the  expressions  in  Sections  3  and  4. 
However,  for  smaller  applied  loads  the  displace¬ 
ments  are  altered.  For  applied  loads  smaller  than 
a-  in  Fig.  13(b)  the  displacements  are  given  by  the 
expressions  for  reloading  after  unloading  [the  second 
term  of  equation  (18)  for  Coulotnb  friction  and 
equation  (28)  for  constant  friction],  whereas  for  loads 
in  the  range  tr,  to  (T;  the  displacements  are  equivalent 
to  those  occurring  between  tr,  and  in  Fig.  A2(b) 
[equation  (A  16)  with  replaced  by  <T|]. 


7.  THE  ONSET  OF  COMPLETE  SLIDING  IN  A 
THIN  SLICE  OF  COMPOSITE 

Calculation  of  the  load  needed  to  cause  complete 
sliding  of  a  fiber  within  a  specimen  of  finite  thickness 
would  require  analysis  of  the  interaction  of  the  stress 
field  ahead  of  the  debond  crack  with  the  back  surface 
of  the  specimen,  as  the  debond  approaches  the 
back  surface.  Moreover,  the  boundary  condition 
depicted  in  Fig.  1  far  ahead  of  the  debond  tip  must 
be  disturbed  in  order  to  allow  the  back  surface  to 
be  stress-free.  The  true  boundary  condition  would 
become  sensitive  to  details  of  the  gripping  arrange- 
.ment.  Nevertheless,  some  qu.ditative  insight  into  the 
problem  of  the  onset  of  complete  sliding  (and  most 
likely  on  upper  bound  for  the  critical  load)  may  be 
obtained  by  ignoring  these  effects  and  setting  the 
debond  length  in  the  present  analysis  [equation  (10)] 
equal  to  the  specimen  thickness. 

In  general,  the  critical  loads  needed  to  cause  com¬ 
plete  sliding  in  pulling  and  pushing  experiments 
would  be  expected  to  differ.  If  we  assume  that  the 


effect  of  the  back  surface  on  the  debond  crack  as 
It  approaches  the  surface  Is  similar  in  both  exper¬ 
iments  (i.e.  that  the  debond  breaks  through  when  ii 
approaches  a  critical  distance  from  the  surface  (2.3|) 
and  that  the  gripping  arrangements  are  the  same, 
the  analysis  of  the  previous  sections  can  be  used 
to  compare  the  critical  loads  in  pulling  and  pushing, 
by  evaluating  tr,  for  both  cases  at  a  fixed  value  of  I 
(without  having  to  specify  /).  For  the  Coulomb 
friction  model,  this  is  done  by  evaluating  equation 
(10)  for  pushing  and  pulling,  using  the  results  noted 
in  Section  6.  The  axial  stresses  in  the  fiber  are  shown 
schematically  in  Fig.  14.  Two  effects  contribute  to 
the  applied  stresses  in  pulling,  a'„  and  pushing,  (t‘ 
being  different;  one  is  the  opposite  signs  of  Poisson’s 
strains  in  the  two  experiments,  which  causes  the 
magnitude  of  Air.  to  be  larger  in  pushing  (for  b, 
positive),  and  the  other  is  the  offset  along  the  stress 
axis  due  to  the  fact  that  Air.  is  measured  relative 
to  the  residual  axial  stress  in  the  fiber  (ffro)-  For 
the  constant  friction  model,  only  the  latter  effect 
contributes.  In  this  case,  the  applied  stresses  at  a 
given  slip  length  are  related  by 

l<Til-|<t'.l  =  2|(Tr‘„|.  (.32) 

When  the  debonds  reach  the  ends  of  the  fibers  in  the 
cases  depicted  in  Fig.  14(a)  (i.e.)  with  r'>0).  the 


Fig.  14.  (a)  Comparisons  of  axial  fiber  stresses  in  pushing 
and  pulling  experiments  for  given  debond  length,  (b)  Axial 
fiber  stresses  for  constant  friction  model  with  (y  |  <  |ffrol  as 
debond  approaches  back  surface  of  a  specimen  of  finite 
thickness. 
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applied  loads  for  both  pulling  and  pushing  are  larger 
than  those  which  can  be  supported  by  frictional 
resistance,  so  that  sudden  load  drops  occur.  There¬ 
fore,  the  peak  loads  are  related  by  equation  (32). 

A  different  response  is  expected  if  T'  <  0.  in  this 
case,  spontaneous  debonding  occurs  at  the  back 
surface  before  the  push  or  pull  test  begins  [Fig.  i4(b)]. 
When  the  debond  that  is  driven  by  pushing  the  fiber 
approaches  the  spontaneously  debonded  region 
near  the  back  surface,  a  sudden  load  drop  again 
occurs.  However,  whrn  the  debond  that  is  driven 
by  pulling  the  fiber  reaches  the  same  location,  the 
applied  load  is  smaller  than  that  needed  to  cause 
complete  sliding.  The  load  must  be  further  increased 
to  reverse  the  direction  of  sliding  over  the  spon¬ 
taneously  debonded  region,  as  indicated  in  Fig.  14(b). 
Therefore,  a  sudden  load  drop  does  not  occur.  In 
this  case,  the  peak  loads  in  the  pushing  and  pulling 
experiments  are  related  by 

k'.|-kil=s:2|vl  (r'<0).  (33) 

It  is  emphasized  that  these  relations  are  approximate 
and  may  be  strongly  affected  by  different  gripping 
arrangements  in  pulling  and  pushing  tests. 
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APPENDIX  A 


Initial  Loading 

The  axial  fiber  stresses  during  initial  monolonic  loading  are 
obtained  by  integration  of  equation  (6),  with  t  given  by 
equations  (I).  (2b)  and  (3b),  and  the  condition  o,  =  o,~  at 
;  -  0.  The  result  can  be  expressed  as 

An,  =  y  -  01(1  -  e  '■■ )  (Al) 


where 


n  =  2tih,lR, 


(A2) 


a  “  o;  Ib^ 


(A3) 


and  y  is  defined  in  equation  (4).  Equation  (A  I )  is  equivalent 
to  equation  (44)  of  Ref.  (21]  The  length,  I,  over  which 
debonding  and  sliding  occur  is  given  by  setting  a,  =  a,  at 
Zr^l 


,  ftr.-trr -t-B -y' 

i - J- 


(A4) 


The  displacement  6,  obtained  from  equations  (7),  (Al)  and 
(A4)  is 


; — ) 


+  y -(o.-tri'lj  (A5) 

which  can  be  shown  to  be  equivalent  to  equations  (47)  and 
(49)  in  Ref.  [21] 

It  is  convenient  at  this  stage  to  expand  the  terms  within 
the  square  bracket  of  equation  (A5)  and  regroup  them 
into  parameters  that  characterize  the  applied  loading, 
the  residual  stresses,  and  the  debond  energy.  After  some 
manipulation  with  equations  (2)-(4)  and  (A3),  these  terms 
can  be  expressed  as 


/  a  xf\ 

“  ~  “  1  TT  I"*  +  '^‘'*0 

\  ®i  / 

(A6a) 

/  +  <r.  =  ^l  -"i/ 

(A6b) 

(0.-0,*)=  -(1  -a,f)o,  +  r 

(A6c) 

(A6d) 
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where  the  parameters  A.  (r,o,  f,  and  Ofi  are  defined  in 
equation  1 1(c)  to  (g)  of  the  text.  With  these  relations, 
equation  (AS)  becomes 


S  = 


-*-*3 


X  In 


*;/)..  4... 


+  r  +  a. 


-(I  +  r 


(A7) 


-10  -5  0  S  10 


®I*B 

Fig.  Al.  Condition  for  region  of  reverse  slip  (length,  s)  to 
reach  end  of  initial  debond  (length,  /)  before  complete 
unloading.  Coulomb  friction  model. 


Further  simplification  of  equation  (A7|,  for  (a,//A|)  =  0. 
can  be  achieved  by  normalizing  the  parameters  by  the 
peak  value  of  applied  stress,  to  give  equation  (9)  in 
the  text.  Similarly,  equation  (10)  of  (he  text  follows  from 
equation  (A4). 

Unload  Reload 

Using  (he  same  procedure  as  for  the  initial  loading,  Ao, 
during  unloading  can  be  evaluated  as 


defined  in  equations  (II)  this  condition  can  be  written  as 

r  ‘-2S„r  (A 1 2) 

Equation  (At2)  is  plotted  in  Fig.  Al.  For  |5||(,|>2.  the 
condition  s  <  /  is  satisfied  for  T '  C  O  S. 

For  larger  values  of  f '  the  axial  fiber  stresses  at  several 
stages  of  unloading  are  shown  schematically  in  Fig.  A2(a). 
For  the  first  part  of  the  unloading  (i.e.  for  o,  <  <t,  <  o.), 
s  is  smaller  than  4,  so  the  displacements  are  given  by 

(« 


A<r,  =  -  (a  -  y )  +  (a  -  y  +  ff,  -  <r,*  )c  (A8) 

where  /,  is  given  by  equation  (A4)  at  e,  =  Cp-  The  reverse 
slip  length,  r,  is  obtained  by  setting  Aof  equal  to  AOfp  at 
2  =1  -s 

2fis  =  Ini'  .  (A9) 

L«  -  y  +  "p  -  "fU 

Equation  (A9)  requires  that  a  be  independent  of  <r,.  With 
some  manipulation  of  equations  (A6).  (Ilf)  and  (lie),  this 
condition  becomes  (ajOs/'a,) 1.  This  parameter  is  zero 
for  either  /  =0  or  v,  =  v,,,  and  is  very  small  for  all  other 
likely  composite  properties;  (ajOj/zop)  <  0.06  for  all 
values  of  E„IE,  and  <j,  with  0.5<(v„/Vf)<  1.5,  v,  <0.5, 
/  <  0.5,  and  2  <  2.  Therefore,  since  the  exact  expression 
for  j  with  nonzero  values  of  (ajO,/  a,)  is  very  lengthy, 
it  is  not  pursued  here.  The  displacement  evaluated  from 
equations  ^<5),  (A8).  and  (A9)  in  terms  of  the  normalized 
parameters  defined  previously  is  given  in  equation  (16)  of 
the  text. 

The  fiber  stress  Ao;  during  reloading  can  be  evaluated  as 


A(T,  =  -  (a  -  y)  +  (a  -  y  +  <r„ 


(A  10) 


The  new  slip  length,  1,  is  obtained  by  setting  AOf  equal  to 
Affro  al  z  =  /  —  f 


2r|» 


_a  -y-l-CT. 


(All) 


As  with  the  corresponding  expression  for  unloading, 
this  expression  requires  (a2a,flat)^  1.  The  displacement 
evaluated  from  equations  (17),  (A  10)  and  (All),  expressed 
relative  to  the  peak  load  displacement  and  in  terms  of 
the  normalized  parameters  defined  previously,  is  given  in 
equation  (18)  of  the  text. 

Unload jReload  Relations  for  Small  Loads 

If  the  peak  stress  during  the  initial  loading  i.,  smaller  than 
a  critical  value,  reverse  slip  during  unloading  can  reach  the 
end  of  the  debonded  region  before  unloading  is  complete. 
The  condition  to  avoid  this  is  .r  <  /  at  complete  unload,  with 
I  given  by  equation  (A4)  at  o,  =  <Tp.  and  s  given  by  equation 
(A9)  at  (T,  =  0.  In  terms  of  the  normalized  parameters 


Fig.  A2.  Axial  fiber  stresses  at  several  stages  during  unload¬ 
ing  (a)  and  reloading  (b)  under  conditions  where  reverse  slip 
reaches  the  end  of  the  initial  debond  before  unloading  is 
complete 
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equation  (16)  The  stress,  a,,  at  which  i  = /^  is  given  by 
equations  (A4)  and  (A9).  with  in  equation  (A4)  and 

o,  =  Ox  in  equation  (A9)  In  terms  of  the  normalized  par¬ 
ameters.  the  result  is 

~  -^'rU  ”  I-^KO  ~  E  (AI3) 

For  continued  unloading  below  S,,  the  sliding  distance 
is  fixed  at  5  =  1^,.  and  the  lower  limn  of  integration  for 
equation  (IS)  becomes  zero.  The  displacement  in  this  load 
range  becomes 


a* 


(i-r  )(f-  -5.) 
I^RO  ”  E  ) 


(S.<S,) 


(AI4) 


The  axial  stresses  during  reloading  are  shown 
schematically  in  Fig  A2(b)  For  a,  <  the  displacements 
are  given  by  equation  (18),  but  with  (S^-So)/S*  given 
by  equation  (AI4)  at  S,  =  0.  The  stress,  rtj,  at  which  the 
new  slip  length,  i.  equals  is  given  by  equations  (A4)  and 
(All) 


S,  —  Sr,,  (Sny  1)^  Sn(}/(Sgo  “  E  )^-  (AI5) 


For  <7,  >  a,,  the  slip  length  is  fixed  at  /  =  /p  and  the  lower 
limit  of  integration  for  equation  (17)  becomes  zero.  In  this 
case  the  displacement  becomes 


E) 


(S,>Sj).  (A16) 


APPENDIX  B 


£  =  Young's  modulus 
/=  volume  fraction  of  fibers 
=  Mode  II  fracture  energy  at  debond  Up 
H,  =  fiber  radtus 
V  =  Poisson’s  ratio 
{r  =  (1  -  fJEf/d  -  ‘■/)£, 

=  misfit  strain 

i  anisotropy  of  nusfit  strain 

a,  =  stress  applied  to  end  of  fiber 
o,  =  axial  stress  in  fiber 
A  =  displacements  [equations  (7)  and  (8)] 

/  =  detond  length 
I  -  frictional  stress 
It  »  coefficient  of  friction 
y  =  normalized  debond  energy  [equation  (4)] 

=  normalized  applied  stress,  o./Vp 
Siu,  =  normalized  residual  stress  [equation  (lib)] 
r  =  normalized  debond  energy  (equation  (lie)] 
j*.  6' =  normalizing  parameters  for  displacement 
[equations  (lid)  and  (21)] 

0,10=  residual  stress  parameter  [equation  (Ilf)] 
o|^  =  residual  axial  stress  in  fiber  [equation  (l  lg)] 

Subscripts 

r  =  radial 
f  =  fiber,  axial 
m  =  matrix,  axial 
p  =  peak  load 
o  =  unload 


Nomenclature 


Superscripts 


a,.b,  =  dimensionless  functions  of  elastic  properties,/,  and 
X  defined  in  Ref.  [21] 


+  =  position  well  ahead  of  debond 
-  =  position  just  behind  debond  tip 
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